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Beryn

3rifiHo CBOET HA3BU, TOIOJIOTS BUBYAE CTPYKTYPHU ATJIACIB KapT.
O6’ekTaMu, Ha 9KUX 33JaHI aTjaacu KapT, € MmHoroBuau. llpore,
METOJIM BUBYEHHS TAKUX CTPYKTYP MOIMUPIOIOTHCA HA 1HITH MHO-
skuHA. TOMOIOTIUHI BJIACTUBOCTI — I1€ Ti, 1110 30ePiTatoThCsT TTPH He-
TTepepBHUX TlepeTBOpeHHdaX. i BUBUEHHS TAKNUX BJIACTHUBOCTEM
HAa MHOXKWHI, IO JIOC/LZKYEThCS, HOBUHHA ICHYBATHA TONOJIOTIYHA
CTPYKTYpa, 10 33a€ThC CiM €10 BIAKPUTUX MHOXKWH. 3arajbHa
TOIIOJIOTiS — Tle HayKa, IO BUBYAE PI3HI TOMOJOTIYHI CTPYKTYpH
Ta 1X TOMOJIOTIUHI BAACTUBOCTI. [0 TOTOJIOTI] BITHOCATLCS TAKOXK
HAYKH, Jle OCHOBHUMU 1HBapiaHTAMU € Ti, 110 HEe 3MIHIOITHCI TPH
HerepepBHUX Bigobpaxkenuax. Hanpuksam, roMOTOM9HA TOIO/T0-
rist (BuBUae HerepepeHi medopmariii), aarebpaidana Tomoioris (3a-
CTOCYBAHHS aJIredpalIHux CTPYKTYP SIK TOTOJOTIYHUX iHBApiaH-
TiB), qudpepeHianbHa TOMOIOris (BUBYAE TOMOIOTIYH] BJIACTHBO-
CTi TJIAJKUX MHOTOBUJIIB).

B meprmomy po3niai po3rasaacTbest MOHATTS TOTOJIOTITHOTO
TPOCTOPY Ta CIIocobu 33 aHHsT TOMOJOTIIHUX CTPYKTYP. 30KpeMa
3a JTOTIOMOTOI0 BiIKPUTHX MHOXKWH, 3AMKHEHUX MHOXKHWH, 0a3u Ta
nepenbasu, & TAKOXK OIEepalliil 3aMUKAHHSI, BHY TPIIITHOCTI Ta MeXKi
MHOXKWHH.

B npyromy po3misi po3ragaaroThCs OCHOBHI TOMOJIOTIMHI KOH-
CTPYKIII: MiAMPOCTiP, TOMOAOTITHA CyMa, TOMOJOTITHUN 100y TOK,
daxTopmpocTip Tormo. TakoXK B MbOMY PO3il BUBUAIOTHCST He-
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IepepBHi BiAOOPaKeHHs Ta TOMEOMOPdI3MI.

B Tpervomy po3misi BUBYAIOTHCH TAKi TOMOIOTIYHI B/IACTUBO-
cTi: 3B’a3HiCTh Ta JIiHIAHA 3B’3HICTH, aKCIOMU BiIOKPEMJIEHHS,
KOMIAKTHICTD, JIOKAJIbHA €BKJI/IOBICTH (MHOTOBIIN).

Koxauit miapo3aii MicTUTh BOPaBU IS CAMOCTIHHOT pOOOTH.

B momarkax moxkHA 3HAWTH 3aBAAHHS 715 CAMOCTIHHOT pobo-
TH Ha T€MH, 110 He TOTPANNINA B OCHOBHHUI MaTepiaJ I BITHOCATHCS
3pa3y J0 BCIX TeM, 3aBJIaHHS MiJBUINEHOI CKJIAJIHOCTI, MPUKJIAI
MOJIYJIbHOI KOHTPOJIBHOI POOOTH Ta KOHTPOJIbHI 3alUTAHHS.



1.Tomosorigal mpocTopu

B mpoMy po3mimi Mu omnmimeMmo crocobm 3aJaHHS TOMOJOTIYHAX
CTPYKTYP Ha 3a/aHiit MEOKMHI X : 33 I0TOMOr0I0 HAbOPY BiaKpHU-
TUX MHOXKUH, 6231, BAMKHEHUX MHOXKWH, OTI€PAIliil BHYTPINTHOCTI
Ta 3aMUKAHHS.

1. BigakpuTi MHOXKWHNI

Jutst 3amaHHST TTOHATTST HETTEPEPBHOCTI BiTOOparKeHHsT 3 MHOMKH-
o X B MHOXKXWHY Y Ha WX MHOXKHWHaX TOBHHHI iCHYBaTH JOTa-
TKOBI CTPYKTYPH, HAIIPUKIAT CTPYKTYPH METPUUHAX IPOCTOPIB.
Ajte HaBbIIBIT 3araIBHOK CTPYKTYPOK I IHOTO € CTPYKTYPa
TOIIOJIOTIYHOTO [IPOCTOPY, IO BU3HAYAETHCI HAOOPOM BIIKPUTHX
MHOMKHH.

Yepes 2% 6ymeMo HO3HAYATH MHOKIHY BCIX II1IMHOMKIH MHO-
Kuau X.

Osnavenns 1.1. Tonosoziunum npocmopom HA3BUBAETHCI AP
(X,7), B axiit X — muoxmHEa, a 7 C 2% ciM’s maMHOKIE MHO-
xkuaU X, M0 33/I0BOJILHSIE TAKUM YMOBAM:

T)Per, Xer,

T2) dxmo U; € 7,1 € a, 10 Ui U; € T,

T3) dxkmo U eTraVer,toUNV er.

B npomy Bumanky muoxkuua X HA3BUBAETHCI TPOCTOPOM, €Jie-
MeHTH 3 X TOYKAMM, MJIMHOXKWHU X, 10 HaJLeXKaTh T — 6i0-

7
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KPUMUMU MHOMCUHAMY B TIpocTOpl X, a T — monoaozicro abo
MONOAOZINHOI0 CMPYKMYPOIO.

Baysaxkumo, mo ymosa T3) piBHOCHIBHA yMOBI

T3") dxmo U; € 7,4 € {1,2,...,n} , 10 U;_, U; € 7.

Otxke, TOmOIOTIUHA CTPYKTypa Ha X 1ie ciM’a TIMHOXUH B
X, 1110 HABUBAKOTHCA BIAKPUTUMHU MHOXKWHAMU, | TAKUMHA IO

1) 0 i Bech mpocTip € BIAKpUTUMU MHOKUHAMU,

2) ob’enHaHHs JOBLIBHOI KITPKOCTI BIAKPUTHX MHOYKWH € BiJI-
KPHUTOI MHOXKHUHOIO,

3) mepeTuH CKiHYeHOl KiTLKOCTI BIAKPUTHX MHOXKWH € BiJIKpH-
TOIO MHOYKHUHOIO.

Hexait X — moBiabHA MHOXKHIHA.

IIpukaan 1.1. Tononorist 7, = { 0, X} nasusaersca mpusi-
aavror abo anmuduckpemnor Ha mMuOXkuHI X, a (X, 7,) - Tpu-
BlaabHUM ab0 aHTUIAMCKPETHUM TOMOJOTTUHUM TPOCTOPOM.

2X

IIpuknan 1.2. Tonosorig 7, = Ha3UBAETHCA QUCKPEMHON

Ha MHOKuHI X, a napa (X, 7T,) — AUCKPETHUM IIPOCTOPOM.

Teepaxkenns 1.1. Tonoaozia 6yde duckpemmnoro modi ma misb-
KU Modi, KOAU KONCHE MOYKA NPOCMOPY € BI0KPUMOI0 MHONCU-
HO10.

Jlosedenna. Heobrionicme. Axmo x € X, To {x} € 2X =71,.
Jocmammicmo. Hexait nis koxuoi toukn z € X: {z} € 7.
Toni axkmo U C X, To

U:U;r, Uer
zeU

gk 06’/ iHAaHHS BIIKPUTUX MHOXKHMH (CBOiX TO40K). Otxe, 7 =

T, O

Ha ommoToukosiit MHOXKUHI iCHYE €ImMHa TOIOJOTisI. BoHa €
TPUBIAJBHOIO Ta AUCKPETHOIO, ognodacuo. Ha mpocropax 3 6iib-
MMM 9HUCJIOM TOYOK TPHUBiaIbHA TOMOJIOTiA HE € AUCKpeTHOI0. Ha
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MHOXKHHI 3 JIBOX TOYOK KPIM ITUX JIBOX TOIIOJIOTIH € I11e OJIMH THII

TOTIOJIOTTYHOT CTPUKTYPH.

Ipuknan 1.3. Hexait X = {z,y}, 7 = {0, X, 2}. Toxi 7 € Tomo-
JIOTIYHOIO CTPYKTYpoio. B mbomy Bumajky, npocrip (X, 7) Hazu-
BAETHCS 36°A3H010 dsomoukoto abo npocmopom Cepnincorozo.

ITpukaasn 1.4. Hexaii (X, d) — merpuunmii npocrip. Haragaemo,
110 MHOKMHA U Ha3UBAETHCH BIJIKPUTOIO B METPUYHOMY IIPOCTOPI,
AKINO JI71sT AoBLIbHOT Toukn « € U icaye € > 0, mo B(z,e) C U.
Tyr B(z,e) ={y € X : d(x,y) < €}. Cykynnicrs 74 ycix Bigkpu-
TUX y METPUIl d MHOXKUH € TOMOJIOTi€0 Ha X, IKa HA3WBAETHCH
MEMPULHON MONOAOZIEN.

3ayBaskuMo, M0 PI3HUM MeTpUKaM Ha MHOXKUHI X MOXKe Bij-
MOBiTaTH OjJHA i Ta caMa TomoJjorisg. Hampukiaa, sSKImo Bcl Bij-
CTaHi TOMHOXKHATHU HA CTAJI€ JA0JATHE UUCJIO, TO Ty HE 3MIHUTHCI.

Touosioriunuii npoctip (X, 7) HABUBAETHCT MEMPUSOEHUM, TKIIIO
icuye Taka merpuka d Ha X, 0 T = T4.

Axmo B8 R” 3a1am0 crangapTHy €BKAIIOBY METPUKY

n

d(l’,y) = Z(ml - yi>27 A€ T = (.’L'l, s 7$n)7y = (3/17 e 73/71)7
=1

TO TaKy METPHUYIHY TOIMOJIOTII0 HA3UBAKOTH e6K.41006010 abo cman-
dapmmoro. R™ 3 eBKJi/10BOIO TOHOJIOTIE0 T03HAYa0Th K.

Hanpuknanm, ma mpamiit BiAKpUTa MHOXKWHA B €BKJILTOBIA TO-
moJiorii € 00’eHanHsIM iHTepBatiB Buay (a,b), 1e a < b.

Ilpukaan 1.5. Hexaii X — jgoslabHa muoxxuna. Cim's
7={0,U C X: X \U e ckinuenoo }

Ha3UBAETHCA KOCKIHYEeH0 TOIOJONIE ab0 TOIOJIOIIEI0 CKiHde-
HUX JOIOBHEHD.
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Ilpuknazx 1.6. Hexait X — goslapra muokuHA. CiM'a
7={0,U C X: X \U e 3niuenown abo CKiHIEHOW }

Ha3UBAETHCA KO3AI4EH0N TOIOJIOTIEI0 200 TOIOJIOTIEID 3JHYeHnX
JIOIOBHEHD.

OKpiM TONOJIOTIYHUX CTPYKTYP, 110 TIepepaxoBaHi paHie, Ha
mpstMiit R iCHYIOTH 1HIIT TOIOJIOTII.

Hpuknan 1.7. Jlisa nopadkosa monoaozia ua R — 11e ciM’st
7 ={0,R, (—o00,a),a € R}.

IIpasa nopadkosa Mmonoaoezis BU3HAYAETHCS AHAJIOTIIHO 38, JOIO-
MOTOIO iHTepBaJIiB BUNIALY (v, 00).

Ipukiaan 1.8. Koxomnaxmmua monoaozisa na R —ue 7 = {0} U
{U C R | U BigkpuTe B eBKJIiIOBIil TOMOIOTII Ha TpsMiil, a 710-
nosuennst R\ U obmeskene}.

Kokoummakraa Tonosoria 8 R"™ Bu3HagaeTscda aHaAJIOTIYHO.

O3navennsa 1.2. Muoxuaa N4 Ha3HBAETHCI OKOAOM IILIMHO-
JKUHU A TOTOJIOTIIHOTO TTPOCTOPY X, AKINO ICHYE Taka BiIKPHUTA
MHOKHTHA U 4, MO

ACUg C Ny.

BingpuTa MHOXKHHA € OKOJOM KOXKHOI CBOET TIMHOXKWHH.

Teopema 1.1. Mnoocuna U sidkpuma modi i miavku modi, K0Au
60HA MICTMUMDB OKIA KOJNCHOL CBOET MOUKU.

Hosedenna. Heobxionicmo. dxmo U — BinkpuTa, TO BOHA € OKO-
JIOM KOZKHOT cBo€l Touku. Orxe, mig koxkuol Touku x € U icHye

okit N, =U CU.
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Hocmammnicmoe. dxmo mnsg kool Touku x € U icHye OKin
N, C U, To TTOKaxkemMo, II0

U= |]J N (1.1)

zeU

Js nomenentst popmyan JOCUTH JOBECTU BKJIOYEHHS B
obunpa 6oku. Ockinbku x € Ny, 10 U = Ugep{z} C UperyNg.
Ockinbku Jist KoxkHoro x € U okin N, C U, 10 Upey Ny C
UzevU = U. Orxke, Bukonyersea dbopmyna (1.1). 3a ymosoro e-
opeMmu, MaeMo 1o Kool Touku ¢ € U: x € U, C N, C U.
Tobro 3aMicTh JOBLIBHHX OKOMIB N, MOXKEMO PO3TAALATH Bi-
kputi okosm U,. Togi U = U,y U, 1 € BIAKPUTOIO MHOXKHUHOO, SIK
06’eiHAHHS BIAKPUTHX MHOXKUH (3a akciomoro Tonosorii T2). [

O3nauenna 1.3. Yci ronoJioril, gki 3azani Ha Tifl camiit MHO-
2KWHI, MOYKHA 9aCTKOBO BIOPAAKYBATH B PO3YMIHHI TaKOTO O3HA-
YeHHs: KaXKyTh, IO TOMOJOTIS T CUAbHIWG, HiK TOIOJOTIA To,
SAKITO JOBUIBHUHN €JIEMEHT i3 To HAJIEXKUTH T1. B 1IbOMY BHIIAJIKY
KaXKyTh TAKOXK, IT0 TOMOJIOTid To caabkiwa, Hik T1. Jluckperna
TOIOJIOTiA — HACUJIbHIITA, a TpUBiaJabHa — HalicaabIna 3 ycix Ta-
KX TOIIOJIOTif.

Bopasa 1.1. J/losectu, 1o npoctip X 3 AUCKPETHOIO TOTOJOTIE0
MeTPHU30BHHUIT, a 3 TPUBIAJIBLHOIO He MeTpu30BHMIL, aKmo |X|>1.

Buopasa 1.2. Yu € neperun (06’emHaHHS) TOMOJIOTIIH, TII0 33 1aH]
Ha OJiHIM 1 Tiif ke MHOXKWHI X, Tomos0Tie0 Ha X 7

Buopasa 1.3. [4], 1] Ilepesiputn, un € mapa (X, 7) Tomosoriaanm
IIPOCTOPOM B KOJKHOMY 3 TAKUX BUIAIKIB:

a) X = {a7 b}7 T = {07 {b}7 {a7b}};
6) X ={a,b,c}, 7 ={0,{a},{b},{a,b,c}};
B) X ={a,b,c}, 7 ={0,{a},{a,b},{a,b,c}};
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r) X ={a,b,c}, 7 ={0,{a},{a,b},{a,b,c},{a,b,c}};
r) X ={a,b,c}, 7 ={0,{a},{b,c}, {a,b,c}};

ﬂ) X = {a,b,c,d}, T = {@, {a},{b},{c},{a,b},{a,c},{b,c},
{a,b,c,d}};

e) X = {a,b,c,d}, T = {w?{%b}a{aab7c}v{avb7d}7{bacad}a
{a,b,c,d}};

6) X = {CL, b, c, d}v T = {®a{avb}a{bv C},{C, d}’{a’ b, C}v {a’ b,
d}, {b,c,d}},{a,b,c,d};

7K) X = {a7 b, c, d}7 T = {(2)7 {a7 C}, {a7 d}7 {b7 C}7 {b7 d}7 {CL, ¢, d}a
{b,c,d},{a,b,c,d}};

3) X ={a,b,c,d}, 7 ={0,{a,b},{c,d},{a,b,c,d}};

H) X = {a,b,c,d}, T = {@,{a,b},{a,b,c},{a,b,d},{b,c,d},
{a,b,c,d},{a,b,c,d}};

i) X = {a> b, c, d}7 T= {®7 {a}7 {bv 0}7 {Cv d}> {a>b7 C}v {avb> d}a
{a,c,d}, {a,b,c,d}};

i) X ={a,b,¢,d}, 7 = {0,{a,b},{c,d},{a,c},{b,d},{a,b,c},
{a,b,d},{a,c,d},{b,c,d},{a,b,c,d}}.

Brnpasa 1.4. [4, 2] 3’scysarn, un € napa (X, 7) Tomnomoriannm
ITPOCTOPOM B KOXKHOMY 3 TAKHX BapiaHTIB:

a) X =Nabo X =Z,7={U C X | axmo n € U i n HeuapHe,
Tton+1eU};

6) X=Nabo X =2Z,7={0,X,{me X |m<n},necX}
B) X =7, 7 ={0,mZ,m € N};

r) X =2, 7={0,Z,m"Z,n € NUO,m € N};
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n) X =272, 7={0,Z,mZ,mnZ,m,n € N — npocri};
e) X =(-11),7={0,X,(1/n,1~1/n),n € N}

e) X =[-1,1], 7 = {0, X,[-1,b), (a,b],(a,1],a € [-1,0),b €
(071}}5

®) X=[1,1],7={UcC X |0¢ U abo U > (-1,1)}.

Buopasa 1.5. [4, 3] 3’acysaru, uu € napa (R, 7) Tomosoriunnm
ITPOCTOPOM B KOYKHOMY 3 TAKHX BapiaHTIB:

a) 7=1{0,R,Z,Q};

6) 7={0,R,N,Z,Q};

B) 7={0,R,N,Z,Q,R \ Q};

r) 7={0,R,R\Z,QR\N,R\Z,R\ Q};

o) 7={0,R, (a, +00),x € R};

e) T = {(vav (_007(])7(] € Q}a
e) 7={0,R,(—00,q],q € Q};
x) 7 ={0,R, (—o0,n|,n € Z};

3) 7={0,R,Q,(~q¢,9),q > 0};

n) 7={0,R, (—n,n],n € N};

i) 7={0,[0,400), (—00,0), (—00,x) U (x,4+00),z > 0};
k) 7 ={0,R,(—o00,—1/n),n € N};
)

n) 7={0,R,(—00,0),(—00,—1/n],n € N}.

Brnpasa 1.6. [4 4] 3’acysaru, un € mapa (R?,7) Tomosoriuam
ITPOCTOPOM B KOYKHOMY 3 TAKMX BapiaHTIB:
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a) 7={0,R% {(z,y) e R? | 22 + 9% < r},r > 0,7 € R};
6) 7={0,R* {(z,y) e R* | 2® +y* <r},r > 0,r € R\ Q};

)
)
B) 7= {0,R? {(z,y) | 2* +y*> >r},r > 0,r € R};
r) 7= {0,R%,R% {(z,y) | 22 + y* > n},n € N}

)

1) 7= {0,R%,R2,(0,4+00) x R, [1/n, +c0) x R,n € N}

Buopasa 1.7. [4 5| 3’acysaru, un € napa (X, 7) Tomosoriaanm
ITPOCTOPOM, B KOKHOMY 3 BUITQJIKIB:

a) X — nosinbaa Hemopoxkus muoxkuHA, T = {0} U{U \ X |
UcC A}, AcCX;

6) X — nosinbua menopoxus MuoXKuHa, 7 = { X} U{U C X |
U\A=9, AC X};

B) X — posinbaa Henopoxkus MuOXkuHA, T = {0} U{U C X |
nonosuerts X /U ciuene};

r) X — neckinuenna Muoxkuua, 7 = {§} U{U C X | U neckin-
YeHHA};

1) X — nosiabna Henopoxkus muoxkuua, 7 = {0} U{U C X |
nonosaerts X /U He GLIbII HIXK 3/TI9CHHE };

e) X — meckinuenna muoxknua, 7 = {U C X | nonosuenns X/U
mMicTuTh p abo He Giibil Hixk 3iivenue},p € X;

¢) X — nesnivenna muoxkuna, 7 = {U C X | nonosuenust X /U
MicTuTh p abo He OLibIn HiXK 3iueHHEe}, p ¢ X.

Buopasa 1.8. [4] 38| [TopisaaTu Taxi Tomosorii Ha MEOKHHI X =
{a,b,c}:
= {®7 {a}’ {av b, C}}a

{0,{a},{a,b},{a,b,c}},

71
T2
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T3 = {(b’ {a}’ {b}7 {CL, b}v {CL, b, C}}v
T4 = {®7 {a}a {av b}? {a7 C}v {av b, C}}v
T5 = {07 {a}, {b}7 {a, b}7 {CL, C}, {a, b, C}}

Bopasa 1.9. [4, 39] ITopisusitu Taki Tonosorii Ha MHOKuHI X =

{a,b,c,d}:

7 ={0,{a},{b},{a,b},{a,c}, {a,b,c}, {a,b,c,d}},

T2 = {@, {a}a {C}’ {a’ C}’ {av b, c, d}}a

3 = {0, {a},{b},{a,b},{b,c},{a,b,c},{a,b,d},{a,b,c,d}},
s = {0, X, {a},{b,c}, {a,b,c}, {a,b,c,d}}.

Brnpasa 1.10. [4, 40] Mopisuaru Taki Tonosorii na mroxmai R2:

71 =1{0,R% {(z,y) e R? | 2?2 +¢y® < g}, g€R,g>0}
7 = {0,R* {(z,y) e R* | 2> +4*> > p}, peN}

3 = {0,R* {(z,9) | 2 +¢y* <p}, peN}

T4 — TIPUPOJIHA TOTIOJIOTId;

Ty — KO3JIiYeHa TOTOJI0Tis;

Tg — KOCKIHY€Ha TOIIOJIOIISI.

Bopasa 1.11. Ckigbku pizHUX TOMOJOTIH iCHYe Ha MHOXKUHI 3

TPHOX €JIEMEHTIB?

Bopasa 1.12. JlopesaiTs Taki BAaCTUBOCTI OKOJIB TOYKMA:

1) dxmo N oxkin Troukn x, N C K, ro K okin x.
2) IlepernH CKiHYEHOTO YNC/IA OKOJIB TOUKH T € OKOJIOM .
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2.ba3a ta nepenbaza

JLTs1 3a1aHHs TOTOIOTIYHOI CTPYKTYPH 3PYYHO ONMUCYBATH HE BCl
BIAKPUTI MHOXKWHH, a JIMITE IXHIO YACTKY 1 33JIaTH MPAaBUJIO, 9K
13 T1€T YaCTKW OTPUMATH BCl 1HI BIIKPUTI MHOXKWHM.

Osnagenns 1.4. Hexait (X, 7) — romosnoriunmii mpoctip. Cim’st
B C T mazupaeTbCa 6a30t0 Tono0rii T (60 623010 TOMOIOITUHOTO
npocropy (X, 7)), 9KIIO KOXKHA BiaKpuTa MHOXKMHA B X MOXKe
OyTu npencTaBaeHa y BALISIL 00’€THAHHA JeIKHX eJIeMEeHTIB 3 3:

Uete HUitica CB:U=|]JUs

1steY

Teopema 1.2. (1-1 xpumepit 6a3u). f C T 6yde 6asor0 mo-
noaoett T modi 1 miavku modi, Koau dan xoocrnozo U € T 1z € U
icnye V € B maxe, wox €V C U.

Hosedenna. Heobxionicmo. Hexait 5 C T — 6aza Tomosorii 7, U €
7, x € U. Toui, 3a o3nauennsam 6asu, icaytors {U;}ica C B, 1o
U = Ujeq Ui- Ockimpxn 2 € U, 1o icaye i € o, mo z € Uj.
[MMykane V = U;.

Hocmammnicme. Hexait na koxsoro U € 71z € U ichye
Ve € B rake, mo xz € V, CU. Tomi U = J, ¢y Voo Tomy 3 — 6aza
TOTOJTOTIT 7. O

Hpukmaanx 1.9. CykynHicTs (3, M0 CKJIAJAETHCS 3 YCIX BIIKPH-
THX IHTEPBAJIB 3 PAIlOHAJLHUMHU KIHISIMHA € 0a3010 €BKJiT0BOI
TomoJtoril Ha mpamiit. [lepesipumo meprruit kpurtepiit 6a3u. Hexal
U = U;(a;,b;), = € U. Toxi icaye rake i, mo = € (a;,b;). e
piBHOCWJIbHE TOMY, 10 a; < T < b;. Bubepemo Taki parionasbhi
cidymoa; <c<zx<d<b.Tomiv=(c,d)epfixzeV CU.

Teopema 1.3. (2-i xpumepiti 6a3u). Jia mozo, wob cyxy-
nuicmo = {U;}, i € a 6yaa 6a3o10 dearoi monosoeii na mHo-
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orcuni X, Heobxidno i docmammvo, wob

X = UU;idaaeciz jk€aicnyey Ca:U;NU, = UU;.
1€EQ 1€y
Josedenns. Heobxionicms. Hexait S — 6aza Tomosoril 7 Ha X.
Ockinbku X — Binkputa mHOXKHHA, To X = U U;. Enementn
1€

Ha3u € BIAKPUTUMI MHOXKHUHAMHE, 1X TEPETHH TAKOXK € BIIKPUTO

MHOKHHOI0, Tomy U; NU, = U U;.
1€y

Hocmammicms. Hexait X = U U; 1 g Beix j, k € « icaye
1S

v C a:U;NU;, = UU;. llepeBipuMo BUKOHAaHHA aKCiOM TO-

1€y

nosioriunol crpykrypu gast 7 = {UU; + v C a}. Tepmi agi
S

YMOBHU BHUIUIMBAIOTH i3 1o0ya0Bu 7. llepekonaemocs y BUKOHAH-
i Tpernol akciomu. Hexait U,V € 7, U = UU;, V = 'U(SVj,
s

1€w
Ui 8.V, € 8. Toxi UNV = (UU) N (UV)) = DTN V) =
iCw j i,j
=U( U U er. ]
i’j<k€'}’i1j k)

IIpuknazg 1.10. Hexait X = R, § = {[a,b),a,b € R,a < b}.
[Tepesipumo apyruit kpurepiit 6a3u. OcKiabKHT,

R = J[ii+1), oR=|]Jab).

€L a<b

s noBinpHMX ABOX HiBiHTEpBATiB [a,b), [¢,d) € [/ MoxKuBl Taxi
BaplaHTH TX B3a€MHOT'O PO3TAITYBAHHHA HA MPAMIN:

l.a<b<e<daboc<d<a<b,roui [a,b)(c,d) =0 =

Uieolai, bi);
2. a<c<b<<d, roai[a,b)[c,d) = [e,b) € 5;
3. c<a<d<b, romi [a,b)([e,d) = [a,d) € S;

4. a <c<d<b, romi [a,b)[e,d) = [c,d) € f;
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5. ¢c<a<b<d, rom [a,b)([c,d) = [a,b) € .

OckisIbKM B yCiX MOXKJIMBUX BUITAJIKAX IIEPETUH JBOX €JIEMEHTIB
Has3m MOXKHA MMOJATH 9K 00’€IHAHHS IEedIKNX eJIeMEHTIB 0a3u, To
npyruit kpurepiit 6a3u BukonyeThcd. Tomosoriunmii mpoctip R 3
TOTIOJIOTIYHOIO CTPYKTYPOIO, 3aJaHO0I0 Ii€i0 623010, HA3UBAETHC
cmpiaroto 3opzendpes.

O3nauennga 1.5. Hexait (X, 7) — Tonosaoriunmit npocrip. CiMm’a
s p p

s C T Ha3UBAETHCS nepedbasoto TOIOJOTIT T, AKIINO CKiHYeH] Tepe-
k
tuau (| U;, ne U; € s jyisi i = 1,..., k yTBOPIOIOTH 6a3y TOMOJIOrIT
i=1
T.
Inmuvm croBaMu. JOBLTBHY BIIKPUTY MHOKUHY MOXKHA OTPU-
MaTH i3 eJIeMeHTIB mepeadasu 3a IOTMOMOTOI0 CKIHIeHHOTO 9HC/Ia

omepariiif mepeTuHy Ta AOBIILHOTO YMC/Ia ONepaitiit 06’emHaHHs.

3 o3HauYeHHH Hepeadasy BUILIMBAE, 110 AOBLAbHE IOKPUTTSI
MHOXKUHI X € mepenba30r0 IedKol TOIOJIOoril Ha MHOXKMHI X .

Bmpasa 1.13. Tlepesipurn, 1110 Taki CyKymnHOCTI MHOXKUH DYy Th
6a3aMi eBKJIi10BOI Tomosorii 75 mpsamoi R:

a) CYKYITHICTB, IO CKJIAJIA€THCS 3 YCIX BIIKPUTHX IHTEPBAJIB
3 pallioHaJIbHUMU KIHIISIMU,

b) CyKymHICTB, IO CKAATAETHCA 3 YCIX BIAKPUTHX iHTEPBAIIB
3 ippallioHATLHUMH KiHIISIMH,

€) CYKYIHICTB, 0 CKJIATAETHCS 3 YCIX BIIKPUTHX IHTEPBAJIIB.

Buopasa 1.14. Hexaii (X, d) merpuannii npoctip. Jdosecru, 1o
cim’a Bimkpurux kyas f = {B(X, r), x € X, r>0} € 6azom0

METPUYHOI TOMOJIOTIT T4.

Buopasa 1.15. Jlosectn, mo ciM’'s § = {X, x € X} e 6azo0
IUCKpeTHOl TonoJsorii 7p na X.

Bupasa 1.16. IlepepipuTu, 1o ciM’s, sKa CKJIaIa€ThCs 3 IHTEP-
BasiB (a,+00) ra (0o, b), yrBoproe nepeabasy eBKJIi0BOI TOIOJIO-
Tii Tp Ha TPAMIii.
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Buopasa 1.17. [4, 46| 3’scysaru, un € ponuHa [ MiAMHOXKUH
MHOXKTHA X 0a3010 mesakol Tomosoril Ha X, SJKIIo:

a) X ={a,b,c}, p={{a},{a,b},{b,c}, {a,b,c}};
6) X = {a7 b, c, d}7 B = {{a}, {b}7 {a’7 b, 0}7 {a7 b, d}}7

B) X = {a,b,c,d}, 8 = {{c},{b,c},{c,d},{a,b,c},{a,c,d},
{b,c,d}};

r) X }:} {a,b,c,e}, B = {{a},{a,b},{a,c}, {a,b,c,d}, {a,b,

r) X — J0BLIbHA HEMOPOXKHS MHOXKWHA, (3 — MOBLIBHE 1T PO3-

ouTTs;

1) X =Nabo X =N\ {1}, 5 ={{m e X | m ainurs n},n €
X}

e) X=7Z,8={Bp,ncZ} ne

n —

B {{n —1,n,n+ 1}, kouu n napse,

{n}, KOJIM N HerapHe;
€) X = (0,400)\N, 8 ={(0,1/m), (0,1/n)U(n,n+1)},m,n €
N, m > 2;

x) X =R, 8={(a,b),a,b e R,a < b};

3) X =R, g={[a,b),a,b € R, a < b};

u) X =R, g={[a,b),a,b € Q,a < b};

i) X =R, ={(-00,9),q € Q};

i) X =R, f={R,{n},n € Z};
)

k) X =R, =22
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1) X=R,={ZUA| ACR}
W) X =R, §={(a,) N (R\Q),a,b € Rya < b}
) X =R? 8= {a,b) x [¢,d),a,b,c,d € R,a < b,c<d};

0) X =R?% B={[a,b) x[c,d),a,b€Q,c,d € R,a <b,c<d};

)
)
)
)
n) X =R?, B={[a,b) x [c,d), a,b,c,d € Q, a<b, c<d};
p) X:RQ,ﬁ:{(:E,y)GRZ’xQ—l-yQS?”}, reR, r>0;
¢c) X =R? B ={(a,b) x (¢,d), a,b,c,d € R, a<b, c<d};
1) X = R?, B — poauna BCix mpaMmx;
)

y) X = R?, 8 — ponuna BCiX He GLABII HiXK 37iYeHHIX Hif-
MHOKUH;

d) X =R? B — poxuHa BCiX KOHTHHYAILHIX ITiIMHOMKIH;
x) X =R", f — poauHa BCiX BIIKPUTHX KYJIb;
4) X =R", 8 — poamHa BCIX 3aMKHEHUX KYJIb.

Bopasa 1.18. [4, 59, 60| 3uaiitu 6a3y HaifiMeHIIIO! MOTYKHOCTI
JIISE TOTIOJIOTIIHOTO POCTOPY X, T, AKIIO:

a) X = {a’ b}v T = {Q)v {CL}, {a’ b}}7
6) X ={a,b,c}, 7 ={0,{a},{b},{a,b}, {a,b,c}};

B) X = {CL, b,c, d}v T = {Qv {CL}, {b}v {C}v {av b}’ {a) C}v {av b, C}a
{a,b,c,d}};

r) X ={a,b,c,d}, 7 ={0,{a,b},{c,d},{a,b,c,d}};
r) X:R, T = {Q’R’N7Z7Q};

ﬂ) X =R, T:{Q,R,Q,R\Q};
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)
)
x®) X =R, 7={0,R, (—o0,p], p € N};
3) X =R, 7={0,R,(—00,—1/n], n e NU{0}};
n) X =R, 7={0,R, (0,+0c0), (—00,—1/n], n € N};
i) X =R, 7={0,R,(0,4+00), (—00,—1/n], n € N,;r > 0};
it) X =R, 7 ={0,R, (0, +00), (—00, —v/3/n], n € N};
k) X =7, T — IUCKPETHA TOMOJIOTIHA;
n) X =7, T — KOCKiHY€Ha TOIO,IOTis;
M) X=7,7={0,Z,p e NU{0}},k € N;;
H) X =R, 7 — crpinka Boprendpes;
)
)
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3.3aMuUKaHHg Ta BHYTPIITHICTh

[HKO/TM 3aMiCTh BiIKPATHX MHOXKUH 3PYTHO PO3LJISIATA 3aMKHEH]
MHOXKWHH.

O3nauvennsa 1.6. Muoxuna F' Ha3WBAETHCA 30.MKHEHOIO B TOIIO-
qorigaomy npoctopi (X, 7), gxo i1 qonosrenas X\ F' Binkpure
B (X, 7).

3 npasus ne Moprana Ta akcioM TOTOJIOTIYHOI CTPYKTYPHU BU-
IJINBAIOTH TaKi BJAACTUBOCTI 3aMKHEHUX MHOYKUIH:

Cl) 0 i X — samxneni muooicuru,

C2) nepemun 006iADHOT KiADKOCTNE 3AMEHEHUL MHONCUH € 30-
MEHEHOI0 MHOACUNHO,

C3) 06’eonanmsn CRIHUEHOT KIABKOCTG 3AMKHEHUL MHONCUH €
BAMKEHEHOIO MHOIAICUHOIO.

Torosioriuny CTPYKTYpy MOXKHA 33/1aBATH 33, J0IMOMOIOI0 3a-
MKHEHUX MHOXKWH, KO BOHU 33/I0BOJILHAIOTD BjacTuBacTaM Cl—
C3.

MroxxwHa, 10 € 0JHOYACHO BIIKPUTOIO i 3aMKHEHOIO HA3WBa-
€TbCst 6idkpumo-samrnenumu. O 1 X € npuKIaIaMu TaKUX MHO-
JKUH.

Osuavenns 1.7. 3amuxannam A miamuoxunu A TOIOIOTIUHO-
ro npocropy (X,7) Ha3MBaETHCs IEPETHH YCiX 3aMKHEHHX B X
MHOXKHH, Ki MiCTITE A.

A= N B.

ACB, B—3aMKHeEHa

Teopema 1.4. Bamuxanmna A ¢ natimenworo, 3a 6KAIOUCHHAM,
3AMEHENO0I0 MHONCUHONW, WO MICmums Mmuoocuny A. Inwumu
caosamu, C' = A modi ma misvku modi, koau C € 3aMKEHEH010 |
He icnye samrnernoi muoocuny , wo A C D C C.
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Josedenna. Heobzidnicmo. SIxmo C = A, 1o C' € 3aMKHEHOIO
MHOXKWHOI SIK TIePETHH 3aMKHEHUX MHOXKUH 1 BjactuBocTi C2.
K110 Biji CYMTPOTHBHOTO MPUIYCTUTH, IO 1ICHYE 3aMKHEHA MHO-
xuaa D #= C,mo A C D C C, to D e ofmieo i3 3aMKHEHUX
MHOYKHUH. 33 FKUM OEepeTaThCsl TIepeTUH B O3HAUCHHI 3aMUKAHHS.
Tomy A C D. Bpaxosyioun npunymenns D C C = A. 3pigku
surinBae D = C') 1o mpotupiunth nputyiiennto D # C.
Hocmammnicme. Hexaii C € HaifiMeHII010, 33, BKJIIOYEHHSIM, 3a-
MKHEHOI0 MHOXKUHOTO, I10 MicTuTh MHOXKUHY A. [HI10T Takol MHO-
xunu E # C we icuye, 60 imaxmre rogi D = C() E Gyne MeHIIO0
3aMKHEHOI0 MHOKIHOIO, 1m0 MicTuTh A. OcKimbku A € nepeTuHOM
BCIX 3aMKHEHUX MHOXUH, 110 MictaTb A, a C' € ofHi€0 3 Takmx
muoxua, To A C C. Hokmagemo D = AN C. dxmo D # C,
TO OTPEMaEMO TIpoTHpiYda 3 mpunymenaam. Orxe, C = A C.

e piBrOCHIIBHO TOMY, 0 C' C A. 3 ypaxyBaHHYAM BKJIFOYEHHS

A cC C maemo C = A. O

Teopema 1.5. Ilidmuoorcuna A monosozinnozo npocmopy 3a-
MEHEHE MOJT T misvku modi, xoau A = A.

Hosedennsa. Heobxionicmo. ko A — 3aMKHEHA MHOXKUHA, TO
BOHA € HAWMEHINOI 3aMKHEHOI MHOYKHUHOIO, IO MICTHTH cebe.
Orxe, A = A.

Jlocmamuicms. Hexait A = A. Toni A € 3aMKHEHOI0 MHOMKH-
HOIO, sIK TIEPETHH 3aMKHEeHUX MHOXKNH (BractuBicTs C2). O

Hacninok 1. A = A.

Hosedenna. Ockinbku MHOXKIHA A € 3aMKHEHOI, TO 3aCTOCYBa-
HH$l TEOPEeMHU 0 Hel JOBOAUTH HACIII0K. ]

O3znavennda 1.8. Buympiwnicmio Int A migvmoxumum A Tomoo-
rianoro mpocropy (X, 7) Ha3WBa€THCsA 00 €THAHHST BCIX BIAKPUTHX
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B X MHOXKWH, 5Kl JexkaTh B A.

Int A = U B.
BCA,Ber

Buyrpim#icts Int A € HalbLIBINIO BIAKPUTOI MHOXKHWHOIO, IO
JIEXKUTh B MHOXKMHI A.

Teopema 1.6. /Jlaa dosiavnoi nidmmoscunuy A C X maromv mi-
cue pieHoCmi

X\A=Int(X\A) ma X\IntA=X)\ A.

Josedenna. 3acrocyemo pasuio e Moprasa Ta BBeeMO MO3HA-
yenns C' = X \ B:

x\A=x\ () B= |J x\B=

AC B,B—3amkHeHa ACB,B—3avKHEHA
= |J cC=mt(x)\A4).
CCX\A,Cer

Jpyra piBHICTb JOBOANTHCS aHAJIOTIYHO (260 BUBOAUTHCS 3 TIE€p-
n1of). O
Hacaigok 2. A= X \ Int(X \ 4).

Hacaimok 3. Int A =X\ X \ A.

Hacuminok 4. A — sidkpuma muoocuna 6 X modi ma misvku
modi, xoau A = Int A.

Hacuinok 5. Int Int A = Int A.

Ozuavennsa 1.9. IligvaoXKUHA A HAZUBAETHCS CKPI3L ULALHONW
B X, axkmo A = X.

Osnauenna 1.10. Meoicero 0A MuOXUHE A HA3UBAETHLCA MHO-
xwuna A\ Int A. Jlia mexi MEOXKUHM A BUKOPUCTOBYETHCS TAKOXK
no3HadeHas O0A.
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Teopema 1.7. /Jlaa dosiavroi nidmmosrcunu A C X mae micuye
PIBHICMD
0A =ANX\A.

Losedenns. Haramaemo, o a1 pi3HAIN MHOKIH 33 O3HATEHHSIM

B\C=Bn(X\C). Toxai
0A=A\IntA=AN(X\IntA) = AN X\A.
Ocranng piBHiCTh BumHBae 3 Teopemu 1.6. O

Osuavenns 1.11. Toura = € 2panuutolo Moukoro MHOKUHA A,
axuo x € A\ {z}.

Teopema 1.8. Touka x € 2panuunoro 0as muodcunts A modi i
MIALKY To0L, Koau daa Koscnozo it oxoay U

UNA\{z} #0.

Losedennsa. Heobxionicms., Hexait x rpaEmdHa TOYKa 3aMKHEHOI
muoxunn A. dximo icaye U — okin z, mo U A\ {z} = 0, ro
ang Bigkpuroro okoiay V o (z € v C U) makox V[ A\ {z} =
(. Beigku Bummmsae, mo V (A\ {z} = 0. Tomy =z ¢ A\ {z}.
OTpumane TPOTUPIYUST 3 O3HAUEHHSIM TPAHUYIHOT TOYKN JOBOIUTH
HEeOoOXiIHICTD.

Hocmammnicme. Hexalt st koxkuoro Bigkpuroro okosy U To-
yku = BuUKOHyeThCs HepiHicTh U N A\ {z} # 0. dxmo x ¢
A\ {z}, ro muoxkuna X \ A\ {z} npurupiuuTh UpUNYIIEHHIO.
Lle noBOAUTD, 110 & € TPAHIIHOI0 TOYKOK s A. OJ

Teopema 1.9. Ilidmnoorcuna A C X samxrena modi i miavky
modi, KOAU 60HA MICTIUMD 6CL C8OT 2PAHUYHT MOUKU.

Jlosedenna. Heobxionicme. SAkimo A — samkuena, x ¢ A, 70 okin
U = X \ A une neperunaerscs 3 A\ {z}. Ile noBogurs, 1o rouka
T He € TPAHWIHOIO.
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Hocmammnicms. Ilpumycrumo, 1mo A MiCTHTE BCi CBOI rpaHudHi
rouku. 1le o3nagae, mo axkmo r ¢ A, TO BOHA HE € IPAHUIHOIO,
romy icaye okin Uy, mo UNA\ {z} = 0. 3 ypaxysauusim Toro, o
x ¢ A e pisHocuabHe Tomy, mo U C X \ A. Toxi, 3a kpurepiem
BimkpuTocTi muOKUHN, X \ A € BigkpuTow, a A 3amkuena. [

Osuavenns 1.12. Touka x € i304606aH010 MOYKO MHOKHIHE A,
axmo x € A Ta icuye ii okin U rakwuii, mo U (A \ {z} = 0.

Buopasa 1.19. Josecru Biacrusocti C1-C3, a came, mio:

a) BECh MPOCTIP 1 TTOPOXKHA MHOKUHA € 3AMKHEHUME MHOK-
HaMU;

6) mepeTun O6y/Ib-KOT CiM'T 3aMKHEHUX MHOXKHUH € 3aMKHEHO)
MHOZKHHOTO;

B) 06’€THAHHS CKIHYEHHOT CIM'T 3AMKHEHNX MHOYXKUH € 3aMKHE-

HOIO MHOZKHHOIO.

Bnpasa 1.20. [Toeectn, 1mo:
a) 1Jist OYIb-IKUX TAMHOKUH A i B TOMOIOriaHOTO TPOCTOPY

BUKOHYIOTBCS PIBHOCTI 1 BKJTIOUEHHS
AUB=AUB, ANnBCANB, A\BcCA\B

6) mist 6ynb-akux miaMHOKAH A;, i € N TOMOJOriaHOrO TIpo-
CTOPY BUKOHYETHCS PiBHICTD

Ja=Ua U AU
=1 =1

i=1j=0
HapeniTb mpuK/Ia/1, KOJA He BUKOHYETBCSA OCTaHHS PIBHICTD, SKITIO
BHEXTYBATH JAPYIUM JOIAHKOM B TPaBifl dacTuHi.

Bupasa 1.21. Jlosecru, 1m0 BiIKPHTa MHOKUHA . A Tomi i TiMbKA
TOJl IEPETHHAETHCA 3 MHOXKMUHOWO B, koo A B # @.

Bopasa 1.22. Hexaii muoxkuna A 3aMkHeHa, a MHOXKuHA B Bij-
kpura. osecrn, mo A\ B 3amknena, a B\ A Biakpura.
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Bupasa 1.23. loeectu, 1110 J719 6yIb-IKUX JBOX BIIKPUTHX MHO-
JKWH, 10 HE [TePEeTUHAIOTHCH, 3AMUKAHHS O/IHI€T 3 HUX HE epeTH-

HAETLCH 3 1HIIOIO.

Buopasa 1.24. Hexaii muoxkuna A sigkpura i A(\B = @ . Ho-
sectu, mo A IntB = @.

Buopasa 1.25. Hexait X - romosoriunuit mpocrip, A C X i 6yab-
dKa miaMooxnHa B A 3aMkHena. JlopecTn, mo MHOKuHA A He Mae
IPAHUYHUX TOYOK.

Bopasa 1.26. /Tosectu, mo B crangapTHii (eBK/iI0Bi#) TOMO-
Joril Ha npsimiii [a, b) = [a, b], Int[a, b) = (a,b).

Bopasa 1.27. [doBectn, mo B auckpeTHiit Tomosorii Ha X 14
noslibuol muoxkuan A: A =IntA = A.

Bopasa 1.28. Jlosectn, mo B TpuBiaabhiit Tomosorii Ha X mia

A4 A=Xigma A+# X: IntA = (.

Bnopasa 1.29. /loBeniTh Taki BAACTUBOCTI BHYTPINTHOCTI:
IntA=A« AerT,
Int(Int A) = IntA.

Buopasa 1.30. /loeecru, 1o MHOXKUHA A € CKPi3h MIIBHOW B X
TOJI Ta TLIBKK TOJI, KO A IepernHaeThcsd 3 KOXKHOI0 He IIOPOo-
2KHBOIO BIJIKPUTOO TiIMHOXKUHOIO ITpocTopy X.

Bopasa 1.31. IlepeBipuTn, mo MHOXKWHA TICHUX YNCET CKPi3b
misibHa Ha mpamin R.

Buopasa 1.32. [4 72] B Tonosnoriunomy mpocropi (X, 7), ge:
1. X ={a,b,c}, 7={0,X,{a}};
2. X ={a,b,c}, 7 ={0, X,{a},{a,b}};

3. X ={a,b,c}, 7 ={0, X, {a},{a,b},{a,c}};
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4. X = {a, b, C}7 T = {Q’X7 {a}’ {b}a {CL, b}v {CL, C}};

5. X ={a,b,e,d}, 7 =10, X,{a}, {b},{a, b}, {a,c}, {b,c},
{a,b,c}};

6. X ={a,b,c,d}, 7 =10, X, {a},{c}, {a,c},{b,c},{c,d},
{a,b,c},{a,c,d}, {b,c,d}};

7. X ={a,b,e,d}, 7 =10, X,{a}, {b},{a,b},{a,b,c},
{a,b,c,d}};

8. X ={a,b,c,d}, 7=1{0,X,{a}, {b,c},{a,b,c}}.

3maiiTn BHYTpimHicTs Int A, 3aMukanag A, MHOXKWHE 13015082~
uux Touok I(A), rpannanux Touok A’ muokuHM A Ta 3'dcyBaTH,
UM € MHOXKHUHA A BIAKPUTOK, 3aMKHEHOK, CKPi3hb IHIBHOK B X,
AKITIO:

a) A={a};
6) A={b};
B) A={c}h
1) A= {a,b};
n) A={a,ch
¢) A= {b,c}

Bopasa 1.33. [4, 73| B rounosoriusomy upocropi (Z, 1), ae:
1. 7 — niBa MOpsAKOBA TOMOIOTiH;
2. 7={0,2nZ,n € NU{0}};
3. T — JWCKPETHA TOIOJIOTI;

4. T — TOMO/IOTIsT APUPMETHIHUK TTPOTPECIii;
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sHafiTH BHyTpimHicTh Int A, 3amukamas A, MHOKWUHE i307160Ba-

ux TouoK [ (A), rpannannx Touok A’ muoxkunu A, ta 3’gacysaru,

UM € MHOXKHHA A BIIKPUTOIO, 3aMKHEHOIO, CKPi3b IILJILHOIO B 7,

AKIIO:
a) A={1,2};
b) A=N;

B) A=8Z7;
1) A=1Z\2Z.

Brnpasa 1.34. [4, 74] B ronoaorianomy npocropi (R, 7), ne:

1.

2.

7.

8.

7={0,R,Z,Q};

T — JIiBa TOPAIKOBA TOTOJIOTiS;
7={0,R,(=00,p),p € Z};

7 ={0,R, (—p, +00),p € Z};
7={0,R,[0,1),(0,2) C R,z > 0};
7={0,R, (p,+00),p € N}

T — TPUPOJIHA TOTOJIOTIS;

T — TOMOJIOTisT CTPLIKH 30preHdpest;

sHafiTH BHyTpimHicTh Int A, 3amukamds A, MHOKWUHE i307160Ba-

nux 1090k I(A), rpannanux Toaok A’ muoKuHU A Ta 3’dacyBaru,

UM € MHOXKWHA A BiIKpUTOI, 3aMKHEHO, CKPI3b IMIJIBHOK B R,

armo A € MHOXKUHOIO:

a)
6)

{z};
R\ {3};
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B) (—2,0);
) Z;
a) RAN;
e) N:
e) R\Q)U[-m/2,m/2];
x) Q;
3) [1/2,+00);
u) (—o0,1);
i) (—o0,0];
i) [0,1/2];
i) (0,v2);
)
)
)

2,7), ne

Brnpasa 1.35. [4, 75| B Tonosoriuromy npocropi (R
L7={0,R% {(x,y) eR? |22 +y? <7}, r e R, 7 > 0},
2. 7={0,R* {(z,y) € R* | 2> +y* > n}, n € N},

3. T — OPUPOHA TOTOJIOTIS,

3HaiiTH BHYTpimHicTs Int A, 3amMuxanng A, MHOXKWHE i30/10Ba-
uux Touok [(A), rpammannx touok A’ MHONKMHM A, a TAKOXK
3’sICyBaTH, UM € MHOXKUHA A BIIKPUTO, 3aMKHEHO0, CKPI3h MTi/Tb-
HO10 B R?, gKII0 A HAJIEXKUTH [0 TIepesiKy:
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a) {(0,0)};
b) R\ {(0,0)};

5) {(1,v2)};
R*\{(1,v2)};

(Z\ (NU{0})) x

(Z\ (NU{OD)\ (R x Z);

r

it

)

)

)

)

)

)

€) NxQ;

x) (R\Z) x (R\ Z);

3) Qx Q;
) ®R\Q) x R\ Q);
) Z x (R\ Q)
)
)
)
)
)
)

n
1
i) {(z.y) €R? | |a| + [y < 1/3};
i) {(z,y) € R?| |z] + |y| > 1};

K) (—1,2)%
n) [1/4,1/3]%
M) (1/2,3/5] x (—4/5,4/5];
0) (~1,1/2) x R.

Bupasa 1.36. [4, 83| Hexait A, B — 10BijbHI MHOXXHUHN TOIIOJIO-
rianoro npocropy X. JloBectu abo COpoCTyBaTH TBEPIKEHHS:

a) Int A=A\ X\ 4

b) axmo Int A C Int B, To A C B;
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axmo A C B, 1o A C B;

Int A C A,

Int A = Int A;

A C Int A;

aximo A Bigkpura, ro A C Int A;
A D Int A;

axmo A 3amkHeHa, To A O Int A;

A € 3aMWKaHAAM JIeAKOl BIAKPUTOT MHOKWHW TOAI ¥ JIMTITE
roxi, ko A = Int A;

IntInt A = Int A;

Int Int A = Int A;

A Biaxpura roxi it sume Toai, kom AN B C AN B;

A Binkpura Toni it mmme Toxi, Komu AN B = AN B,

A zamkaeHa ToAi it e Toi, ko AUInt B O Int(AUB);

A zavkuena Tozi it e o, ko Int(AUInt B) = Int(AU
B);

axmo A, B Binkputii AN B =@, 10 AN B = @
akio AN B =g, o Int ANInt B = &;

skio AUB =X, o Int AUInt B = X

axmo A simkpurai ANB =@, 0 ANInt B = @;
Int(AU B) = Int AU Int B.

axmo A sinkpura, To A = X \ Int(X \ A);
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Buopasa 1.37. [4, 87] dosectu, 110 mjist JOBIIBHUX MHOKWH A i
B Tononoriunoro npocropy X:

a) Int AN9A = 0;

(@)}

) Int(0A) = 0;
B) 0(X \ A) = 04;
r) 0A — 3aMKHEHA MHOXKHWHA;

) X\0A=Int AUInt(X \ A);

=]

e) 0AC A;
x) 0A C 04;

) OA = OA Toni it mmamme Tozi, Ko Meska OA Hifle He MIiTbHA;

w

=e

) 09A C OA;

i) Int A=A\ 04;
i) A= AUOA;

9OA = DA;

=

=

M) MHOXKWHA A BimkpuTa Tomi it smme Tomi, Ko A = A\ A;

MHOXKRUHA A 3aMKHeHa TOI i jutre Tofi, koau 0A C A;

)
)
)
) muOXKMHA A Bigkpura Tozi i yume tomai, ko ANJA = &;
)
H)
)

0) muoxkuHAa A 3aMKHeHa TOAL it Jmie Tomi, Koan 0A = A\

Int A;
n) sgxmo A Bigkputa abo 3aMKHeHa, T0 00A = 0A;
c) 0(ANB) C0AUOIB;
1) (AN B) C (AN B)U (0B N A);
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y) O(AUB) C (0)AUB)U (0B U A);
b) saxmo muOXKMHU A Ta B Binkpwuri, TO

I(ANB)U(OANOB) CA(ANB) C (0ANB)U(0BNA);

x) IntdA =Int A\ 4;
1) axmo OANInt B = &, o

Int(AU B) = Int AU Int B;

q) axmo 0A C B, To
I(ANB)=(ANdB)U (0AN B).
Buapasa 1.38. /losecru, mo touka x € E™\ A toai i Tinpku Toi
€ TPAaHUYHOI0 TOYKOIO MHOXKHHH A, Koau x € 0A.

Buopaga 1.39. [losectu, mo gakimo MEOKUHA A 1 B 3a10BOIbHS-
1016 yMoBi A(V\B=@ = A B, r0o (AU B) = 0A|JOB.

Bopasa 1.40. Jlosectu, 1m0 9epryoyun OMepaToOpPu 3aMUKAHHT 1
B3SITTS JIOTIOBHEHHA 0 MHOXWHE A B TOMOJOTITHOMY TIPOCTOPI
X, MOKHA OTpUMATH He OiTbIe 14 PI3HUX MHOXKWH.



2.TonoJjiorigyal KOHCTPYKII1

B 1mboMy posmiii My 337a€MO TOIOJIOTIUHI CTPYKTYPH Ha M-
MHOYKHUHAX TOIOJJIOTI9HOr0 npocTtopy. JLisa MeTpuaaux mpocTopis,
oOMexKeHHd METPUKHU Ha TAMHOXKHWHY [EePEeTBOPIOE 11 B MeTpu-
YHUI TPOCTIP, & JJisd HhOI'0 MOXKHA TOOYAYBATH METPUUYHY TOIIO-
JIOriuHy CTPYKTYPY. s AOBLABHUX TOMOIOTIYHUX IIPOCTOPIB HAM
noTpibHa KOHCTPYKIlia iHayKoBamoi Tomosorii. Takox posridHe-
MO HEIepepBHi BiIOOpaKEHHs, M0 Y3TOAXKEHI 3 TOIOJOrTHIMU
CTPYKTYPaMHu.

1. ITigmpocTip

Osuauenns 2.1. Hexait (X,7) — Tonosoriunnii npocrip, Y C X.
Tonosorist 7v = {Y NU | U € 7} Hazuaerbcd 1HIYKO6aAHO0I0
monosozier. llpu npomy napa (Y,7,) HasuBaeTses nidnpocmopom
npocropy (X,7).

Teopema 2.1. [ndyxosara monoaozisa 36a0060ADHAE GKCIOMAM MO-

NOA0IYHOT CMPYKMYDPU.

Jlogedenna. T1)D=YNher,Y=YNX€ery.
T2) ddxkmo V; € 1y, i € «, 70 icaytors U; € 7,1 € «, mo

Vi =Y NU;i € a. Ockimeku (J;c, Ui € 7, TO
U Vi = U(YﬂUi) = Yﬂ(U Ui) € Ty.
1EQ 1EQ 1EQ

35
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T3) dxmo Vi,Va € 1y, 10 icaytore Uy, Uy € 7, mo Vi =
Y NUy, Vo =Y NUs. Ockinsku Uy (U2 € T, 1O

Vi Vo= UV (V) =Y [ \U:[V2) € 7v.

O

Jomosuienicts. Hamani, skimo He cka3aHo iHIle, TO BCl mijl-
vuO)kuHA R" Hami/IeH] iHIYKOBAHOIO TOIOJIOTIEIO, a TOMO/IOTiA B
R™ crangapraa (eBK/I10Ba), TOOTO TOPOIKEHA EBKJIIOBOIO Me-
TPUKOIO.

Teopema 2.2. Hexali cim’s 3 € 6asoro (X, 7),Y C X. Todi cim’a
By ={UNY : Uep}ebasorw dar (Y,1y).

Losedenna. fdxmo V € 1y, To icaye W € 7, mo V =Y NW. 3a
o3HaueHHsM Oazum Jyia T, icaye v C B, mo W = UWiE’Y W;. Toni
’yy:{WiﬂY ‘ WiE’y}Cﬂy,a

v=ynw=v=yn|Jw=wny)= |J v
W;ey W€y Vi€vy

Orxe, By — 6asza i Ty . O

Bopasa 2.1. [4, 167] 3uaiitu Tonosorito T' va Muoxuni S C X,
iH/IyKOBaHY TOIOJIOTIE0 T Ha X, AKIIO:

1. X ={a,b,c}, 7 ={0,X,{a},{c}, {a,c}}, S ={a,c};

2. X ={a,b,c}, 7={0,X,{a},{b,a}}, S={b};

3. X ={a,b,c,d}, 7 ={0,X,{a,b,c}}, S ={a,b,c};

4. X ={a,b,c,d}, 7 ={0,X,{a},{c}, {a,c}}, S ={a,b,c};

5. X — HeziueHHA MHOXKHWHA, T — CKIHUEHHA TOMOJIOTIs, S —
HETIOPOXKHS MHOXKWHA;
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6. X = [—1, 1], 7 — romoJorist anbrepuarusn, S = {—1, %} — JIOBiIbHA Hel
7. (X,7) — crpinka 3opreudpest, S = Z;
8. X =R, 7 — npupogna Tonosoris, S = {0,1/n | n € N},
9. X =R, 7 ={0,R,(—o00,2) |z € R}, S =7Z;
10. X =R, 7 ={0,(—o00,2) | x € R}, S =10,1];

11. X = R%, 7 = {0, R, {(x,y) € R? | 22+ 9> < n},n € N},
5=(0,1) x {0}

12. X = R? 7 — mpupoxna Tonosoriz, S = (0,1) x {0}.

Brnpasa 2.2. [4, 168] 3uaiitn Tonosorito 7; Ha MHOXKuHI S, iH-
JiykoBaHy Torosioriero 7 Ha X Ta Bimobpaxkenusm ¢ : S — X,
SIKIIIO:

1. X ={a,b,c}, 7 ={2,X,{a},{a,b}}, S={a,b},i:a—Db,
b c;

2. X =S=A{a,bc}, 7={9,X,{a},{a,b}},i:a— b, b— ¢

3. X = {a,b,c,d}, 7 = {9, X, {a},{b},{a,b,c}}, i : a — b,
b—d,;

4. X ={a,b,c,d}, 7 ={9, X, {a},{b}}, S ={a,b},i:a—b,
b—c

5. X ={a,b,c}, 7 = {9, X, {a},{b},{a,b}},i:a— b, b+ a,
c— b, d— ¢

6. X =S5 =N, 7 — ronosoria miapHUKIB, i(n) = nl;

7. (X, T) — nuckperHuti TonoorivHMit TPoCcTip, S — JO0BLIBHA
HEMTOPOXKHSA MHOXKWUHA, ¢ — JOBLIbHE BiTOOpaKeHH;
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8. X — HemopoXHsT MHOXKUHA, T — A-BMicHa Tomosorisa, A C
X — merpuBiajbHa migMHOXKWHA, S = A, ¢ — H0BLIBHA
HellepepBHa, MAMHOXKUHA.

Bupasa 2.3. Hexait Y - nijmpocTip B TONOJOriYHOMY IPOCTOPI
X. Hosectn, mio:

a) muoxkuna A C Y samknena B Y Toxi i Tiibku TO, KoM
A € mepeTHHOM KOl 3aMKHEHOI MHOXKWUHMU, 10 HAJTEXKATH X, 3
Y;

6) nia 6yap-akoi A C Y BuKoHyeThes pismicTs Ay = Ax Y

B) skio Y - 3aMKHeHA MHOKUHA B X, TO Oy/Ib-Ka 3aMKHEHA
MHOXXWHA B Y 3aMKHeHa i B X,

r) Ko Y — BiakpuTa MHOXKWHA B X, TO Oy/Ib-siKa BIIKpHUTA
MHOXKUHA B Y Biakpura i B X.
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2. HenmepepBHi BigobpaxeHHS

Hexait (X, 7)1 (Y,y) romomoriuni mpocropu.

Oznavenna 2.2. Bigobpaxennsa f: X — Y maszuBaerhcst nene-
pepshum, aKIO A1 Koxuol U € v maemo f~1(U) € 7, To6T0
MMOBHUI IPO0OPa3 J0BLIBHOI BiakpuTol MHOXKUHK 3 Y € Bigkpwn-
TOIO MHOXKHUHOK B X.

Osuavennsa 2.3. Bimobpaxkenuss f: X — Y HaswBaeTbCs 20-
Mmeomopdizmom (60 TOIOTOTIIHUM BiTOOPAYKEHHSIM ), IKITIO BOHO
GiekTuBHE i HemepepsHe B obmaBa 6okn (f i f~! — memepepsmi).
[Ipocropu X, Y 2omeomopdmi, S0 Mizk HUME iCHY€E X049a 6 0jiuH
romeomopdizm. [Mosrawarores X =Y.

Osuavenns 2.4. Binobpaxentus f: X — Y Ha3zuBaeThCd 610KpU-
mum (3amrHenuM), STKITO 0Opa3 KOXKHOI BIIKpUTOI (3aMKHEHOT)
MHOYKEHU € BLAKPHUTOIO (3aMKHEHOI) MHOXKUHOI.

Cumposom 1x abo idyx 6ymeMo mo3HAaYATH TOTOXKHE BlHoOpa-
keHHs pocTopy X, ToO6TO Take BijmoOpaKeHHs, 110 3AJIUIIAE KO-
KHY TOYKY HEPYXOMOIO.

Baacrusicts 6yTn romeoMopdHUME € BiTHOIIIEHHS €KBiBaJIeH-
THOCTI ¥ MHOYKHUHI TOMIOJOTIYHUX TTpocTopiB. Ti BIaCTUBOCTI TOITO-
JIOTIYHUX TTPOCTOPIB, 9Ki MPUTAMAHHI yCIM TOMEOMOP(MHUM TIPO-
CTOpaM, HA3UBAIOTLCI MONOAOIYHUMY tHEAPIaHMaMy. BiabiiicTs
MTOHSTH, [0 BBOJSITHCH B HACTYITHUX Taparpadax, € TOmoJI0riYHu-

MW iHBapiaHTAMH.

Teopema 2.3. (Kpumepii nenepepenocmsi) Hexat (X, 7) i
(Y,~) — monoaoziuni npocmopu. Todi maki ymosu pieHOCUNLHI:

a) eidobpasicenna f: X — Y — nenepepene,

6) npoobpas A06iavHOI 3amKHeEROT MHodcury 3 Y € 3amMKHENHa
MHOHCUHA 68 X,
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8) daa dosiavroi mouku x € X i dosinvrozo oxoay V. mouru
f(z) icnye maxuti oxia U mouku x, wo f(U) CV,

2) dan dosinvroi A C X: f (A) C f(A).

Josedenna. a) = 6). Hexait f : X — Y — uenepepsre, A —
savkuena B Y. Tomi Y \ A sigxpura i f~1(Y \ A) sigxpura B
X. Brigcn summsae, mo vmoxura fH(A) = X\ (f7HY \ 4))
3aMKHEHA.

6) = a) aHAJIOrIYHO JOBeJeHHIO &) = 0).

6) = r). f1(f (A)) € moBEEM TTPOOBPAZOM ZAMUKAHHS i TO-
My € 3aMKHEHOI0 MHOXKHHOIO, o MicTuT A, a orxe, i A. 3pigcu
BUILTUBAE, IO f (Z) C f(A).

r) = 6). Hexait B - samknenaB Y, A = f~1(B). Tozi f (A) C
f (A) = B = B. 3sigxu maemo A C f~1(B) = A. 3a Bracrusictio
samukanns A C A. Ile o3nagae, mo A = A, i orxe, A 3aMKHeHa.

O

a) = B). Hexait f : X — Y nenepepsue, V — okin Toukn f(x).
Ba o3navennsM 0KOJLy, icaye Biakpura W, o f(x) € W C V roai
myxanrmit U = f~1(W).

B) = a). Hexait V - sigkpura, U = f~1(V). Toxi ans xoxmuoi
roukn x € f~H(V) muoxuna V e okonom f(z). Tomy icuye Bi-
kputwit okin U(x), mo f(U(x)) C V. Le oznagae, mo U(z) C U.
Tomy U Bijkpura 3a KpuTepie€M BIIKPUTUX MHOYKUH.

2x—1
z(l—z

Buopasa 2.4. Jlosecrn, mo ¢yukist f(x) =
mopdizm (0,1) na R.

) 3aJa€ IroMeo-

Bopasa 2.5. losecru, o 1oBijibHI BinkpuTi iHTEpBa N mpamMoi
romeomopdmi Mixk cobOFO.

Buopasa 2.6. ITobyaysaru romeomopdizm B2 — R?, ne B? -
BiZKpUTa Kysas paziyca 1.
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Bupasa 2.7. I[lo6yaysaru romeomopdism S2\{w} — R2, ne S?

— cdepa OAUHUIHOTO PAAIYCy, a w — Jaedka (pikcoBaHA TOYKA HA
S2.

Bopasa 2.8. dkmo X C Y, To toroxkue Bimobpaxenns id: X —
Y, id(X) = X, z € X, € BRIaJeHHAM.

Bupasa 2.9. [loeectu, 1o Bifobparkentsi f TOMOJJOTIYHOTO MPO-
cropy X B Tomosioriwuuit mpoctip Y HemepepBHE TOAI i TiIbKU
TOJTI, KOJIM Ay A0oBiabHOI Toukm x € X i moBitsHOTO OKOJTy V
toukn f(x) icaye Takuii okin U toukn z, mo f(U) C V.

Brpasa 2.10. /Tosectn, 1o KOMIIO3HIISA JBOX HETIEPEPBHUX BijI-
00pazkeHb € HeIlePEepPBHUM BiIOOpPaXKEHHIM.

Bopasa 2.11. Josectu, mo 06pa3 6a3u mpu HEIIEPEPBHOMY Bij-
obpazkenHi Moxke He OyTn 6a30710.

Bopasa 2.12. [4 156] ITo6yaysaru romeomopdizmu Mix Tomo-
aoriganmu npocropavu (X, 1), (Y, 0) (simo Tonosorist 7 abo o
He 33/IaHa, TO BBAXKATH 1X IIPUPOJHOI0 ab0 IHIyKOBAHOK IIPUPO-
JTHOIO Tomostorieo Ha R™):

a) X =(-1,1)iY =R}
6) X =(a, b)iY = (¢, d);
B) X =(0,1)1Y = (0, +00);

r) X =Y =R, 7 = {R,(—c0,n),n € Z}, 0 = {0, R,
(_na n))” € Z}a

n)X=Y=R 1= {(Z),R,(—oo,—l/n),n € N}, o = {Q’R’
(=1/n,n),n € N};

e) X =Y =R, 7= {®7R7<_Ooa_1/n>an €N} o = {(Z)?R?
(—n,n),n € N},
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X=R, Y =1[0,+), 7={0,X,[0,00)}, 0 = {0,Y, (x, 00),
x € [0,400)};

X =R=Y, 7 ={0R,(-00,0),(—00,—1/n),n € N},
o={0,R,(=1/n,n),n € N};

X =R, 7 — npupoana ronosorist, Y = (—=1,1), 0 = 7|y;
X =R, 7 — npupoana ronosorisi, Y = (0, +00), 0 = 7|y;

X =R, Y = (a,b), a,b € R, a < b, 710 — ingykosani
[PUPOJIHOIO TOMOJI0TIE Ha R;

X =(—00,0),Y = (1,400), T i 0 — iHAYKOBaHI TPUPOTHOO
TOTOOTIEr0 Ha R,

X =(0,1),Y = (a,b), a,b € R, a < b, 71 0 — ingyKoBasui
MIPUPOIHOIO TOMmoJIoTier0 Ha R;

X =10,1),Y = (a,b], a,b € R, a < b, 710 — inpykosasni
OPUPOIHOIO TOMOIOTIE0 Ha R;

X =8 = {(z,y,2) € R¥ 2® +¢> +2* = 1} — cdepa,
2

Y = {(z,4,2) €R3 | L 4 % 4 2 — 1} — enincoin, Tio —

inTykoBaHi mpupoaHOO Tomosorieo Ha R3;

X =D"={(z1,29,...,3,) ER" |2} + 23+ ... +22 <1}
— BaMKHEHUI n-BUMIpHHUiT THCK (3aMKHEHA N-BUMIpHA Ky-
ag), Y = I" = {(z1,22,...,2y) € R" | max |zg| <1} —
Ky0, 7 i 0 — iHAyKOBaHI TPUPOAHOIO TomO I0TiEr0 Ha R™;

X =D} = {(z1,...,Zn41) € R | x%—i—...—i—xfﬂ_l <
1, £py1 > 0} — n-Bumipna miBkyndg, Y = ST = {(z1,22,. ..,
Tny1) ERH 22 23+ 422 =1, x40 > 0} - 32
MKHeHa miBcdepa;

X = {($1,$2,...,l’n) ER" |22+ 23 +...+22 < 1}—Bi;g—
KpuTHit n-pumipmuit guck, Y = {(z1,...,7,41) € R |
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o2+t fo_l <1, zp41 > 0} — Bizkpura n-BuMipna
HiBKYyJIst);

Bupasa 2.13. osecrtu, 1o 6yib-siki ABi BIIKPUTI BUITYKJI M-
muoxkubu B E™ romeomopdui B injykosanifi Tomosorii. Yu cupa-
BeJIJTUBE 11€ TBEP/KEHHS JJIs JOBIIBHUX BUMYKIUX T IMHOKIH !

Bopasa 2.14. [losectu, 1o npoctip R™ romeomopdauit mpoxo-
aotiii cpepi S"\{w}, ne w - Byub-sika TOUKa, 1O HATERUTH S™.

Bupasa 2.15. Jlosectu, mo B E3 kpyrosuii mumisap cxingen-
HOT BUcOTH 6€3 OCHOB, OZHOMOPOKHWHHNN rimepbooin, BiAKpuTe
KinbIie i cpepa 6e3 IBOX TOUOK TOMeOMOPdHI OIUH OJHOMY.

Bnpasa 2.16. Ilo6yrysatn romeomopdism T2 = St x SI —
T? = S x S, ne S} - mepuian Topa, a Si - ioro mapaes.

Bupasa 2.17. Hexaii f - romeomopdizm Ha cebe rpapumi S™ !
kyai D". Jdosectn, mo f MO:KHA MPOZOBXKUTH IO TOMEOMOPMI3MY
Bci€el kysti D™ na cebe.

Bnpasa 2.18. Josectu, mo f(A) C f(A) ais 6yap-sikoro me-
epepBHOTO Bimobpaskenust [ Tomojorigroro mpocropy X i 6yiab-
aroi A C X.

Bopasa 2.19. Hexait mators micite piBaOCTI
X =AJB, A\B(\B\A=w2, A\B(|B\A=g,

a [ — BimoOpaskenns, pusnadene Ha X, nemepepsre Ha A 1 na B.
Hoectu, mo Bigobparkerss [ nenepepBre Ha X .

Buopasa 2.20. Yu 3aBx 11 06pas3 BIAKPUTOT (3AMKHEHOT) MHOK-
HU DU HenepepBHOMY BigoOparkeHHi € BIAKPUTOO (3aMKHEHOO)
MHOXKWUHOIO?
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Bopasa 2.21. Hexait f-B3aeMHO-0HO3HAUHE HEIepepBHE Bi-
obparkeHHs TOMOJOTIIHOTO TPOCTOPY X HA TOMOJOTIYHUH TPO-
crip Y. JloBecTn, 1110 HACTYIIHI YMOBM €KBiBaIeHTHI:

a) f - dakTopHe BiMOOparKeHHT;

6) f - BiakpuTe;

B) f - 3aMKHeHe;

Bupasa 2.22. /losecTn, 110 TPOEKTYBaHHS TOMOJIOTIIHOTO 100y~
TKy Ha Oy/b-sKuil CHIBMHOXKHUK € HENEePEePBHUM BinkpuTum (HE
060B’I3KOBO 3aMKHEHWM ) BiJJOODasKEHHSIM.

Bopasa 2.23. Jlosectu, 1o dpyHKIIis, SKa BUSHAYEHA HA, TOIIO/I0-
riunomy 7100yTKy X X Y 1 HenepepBHa 110 KOXKHIM 3MiHHIHN, MOXKe
He OyTu HemepepBHOIO Ha X X Y.

Bopasa 2.24. Bkazaru meromeomopdii TOMOIOTI9HI TPOCTOPH,
KOXK€H 3 IKHX FOMEOMOPQHUHA HiAIpOCTOPY IHIIOTO.

Bopasa 2.25. Bkazaru meromeomopdui TOmoI0ri9HI pocTOpH,
KOXKeH 3 STKUX B3aE€MHO-OJHO3HATHO 1 HemepepBHO BimoOparkae-
ThCA HA IHIMHA.

Ipocrip C(X,Y) HaglageThCa KOMNAKMHO-BI0KPUMOI0 TOIIO-
Jiorieto, 62300 TKOI € MHOXKUHU

U(K,0) ={f € C(X,Y) | f(K) € O},

ne K — kommakTHa Mmuoxkusaa B X, a O — Bigkpura B Y.
Axmo yg — Biamivena Touka B Y, TO mocrifine Bimobparkerusa
B Yo € Binmivenorwo roukoo B C(X,Y).

Bnpasa 2.26. /Tosectu, mo maoxunau U (K, O) yrBOpooTs 6a3y
TOTIOJIOTI.
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3. Tomosoriuna cyma

Osnauenns 2.5. Tonoaoziunoio cymoro abo Hess’asnum 06’cd-
nanHam Tonoaoriaaux npocropis (X,71) 1a (Y,72), mo me nepe-
TUHAIOTHCS, HaszuBaeThCs 06’ eanannst X (JY 3 ronosoriero

T={UUVIU € 1,V € 12}
Tomosoriuna cyma mpoctopiB X Ta Y mo3madaeTbes X LY.

3 03HAYEHHS TOMOJIOTIYHOT CyMU BUILJINBAE, 110 AKIT0 X NY =
(), ro maoxkurn X Ta Y € BigkpuTo-samkHennvu y X LY.

IIpuknanx 2.1. [0,1) U [2,3] =[0,1) U [2,3].

IMpuknaz 2.2, [0,1) U [1,2] # [0,2]. 3a 03Ha4eHHAM TOLOJIONI-
unol cymu, [1,2] e Bigrpuroro muoxunoro y [0,1) U [1,2]. IIpore
[1,2] ue e Bigkpurowo muoxkuuowo y [0,2], 60 B iHgyKOBaHiii TO-
mosiorii Ha Bimpisky [0,2] €auHNM 3aMKHEHUM BIIPI3KOM, 110 it
HaJIe?KUTh, € Bigpizok [0, 2].

Buopasa 2.27. Hexait A, B — BigkpuTi MHOXKHHHA y TpocTopi X,
AUB = 0. dosectu, mo ALIB =AU B.

Bupasa 2.28. Hexait A, B — 3aMKHeHl MHOXKXHHE Y TpocTopi X,
AUB = 0. Hdosectu, mo AUB = AU B.

Buopasa 2.29. Hexait 0 ¢ A C R. Josectn, mo A = A_ U A4,
ae A- = AN (—00,0), AL = AN (0, +00).
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4. TonmoJioriaamii 100y TOK

Haramaemo, 1o nexkaproBuM 1006yTKOM ABOX MHOXKUH X Ta Y Ha-
suBaeTbcsa MHOKuHA map: X XY = {(X,y)| z€X,yeY} a
IeKapToBuM J100yTKOM MHOXKUH X;, ¢ €N MHOXKWHA TOCJiI0B-
wocreit I1X; = {(z1, 2, ...) | = € X;}. Koxkny raky mocsi-
JOBHICTb MOXKHA PO3I/IALATH K Take Bimobpaxkemna N — X X,
mo ¢ — X;. Yepes w: I1X; — X; O6ymeMo mo3HAYATH MPOEKINIO Ha

1-U MHOYKHUK.

OznauenHs 2.6. Tonosoziurum abo Muronosum jJ0OYTKOM TO-
nosioriunux npocropis (X,71) ta (Y,72) HazuBaeThes nekaproBuii
n06yTok X X Y 3 Tonosioriero 7, 6a3y AKOI CKJIaJA0Th MHOMKUHU
UxV,pgeU € 1,V € mn. Turonosum IOOYTKOM TOIOJIOTI-
yHux npocTopis (X;,7;) HasuBaeThea gekaprosuit 100yTok I1X; 3
Tomosoriero T, nepenbasy Akoi ckaagaoTh Mok 7L (U;), 1e
U; € ;. Tonojiorig 7 € maiicnabmioo 3 ycix tomosioriit va 11X,

I SIKMX KOXKHA, 3 IMPOEKII T; € HeIlePEPBHUM BiI0OPaKEHHSIM.
Mpuknag 2.3. R x R = R?.

Bupasa 2.30. /losecru, mo Tonosoria no6ytox R! x R! 36ira-
€TBCST 3 €BKJILIOBOIO TomosIorier0 R2.

Mpukaaz 2.4. [0,1] x [0,1] = [0,1]?> Cc R2.

Bopasa 2.31. /loeecTn, mo HeckindeHw#i 106yTOK INCKPETHAX
JTBOTOYKOBUX MHOYKWH FrOMEOMOpPGhHUIT KAHTOPOBi#i MHOXKWHI (KaH-
TOPOBA MHOYXKWHA MOXKe OyT OoTpmMaHa B Takwuii Crocib: Bigpi3ok
[0,1] po3pizaeTbes Ha 3 piBHI YaCTHHU 1 BUATIAETHCS CEPEIHS,
BIAPI3KHA, 1O 3aJANMAINCS 3HOBY PO3PI3al0ThCS Ta 3 YaCTHH 1 BU-
JATAIOTHCS CEPEJIMHN 1 T.J1.).

Bupasa 2.32. Hexaii A i B - DigMHOXUHYA B JeIKAX TOIOJIOTI-
9IHUX TpocTopax. JloBecTn, 1M0:

a) Ax B=Ax B;
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6) Int(A x B) = IntA x IntB;
8) (A x B =0A x B)|J(A x d(B)).

Buopasa 2.33. /losectn, mo Tomosioriunnii 106yTox 11-IpocTopis
(raycmopdosux npocropis) € Ti-npocTopom (BiOBIIHO TAYCA0D-
dbosum npocTopom).

Bopasa 2.34. losectu, mo npoctip X Toxmi i Tinbku Tomi € 17-
MTPOCTOPOM, KOJIH JiaroHaik A romosorigaoro qo0yTry X X X €
IIEPETUHOM JeKOI CiM’T BIIKPUTHX MHOXKHH.

Bopasa 2.35. Jlosectn, mo mpoctip X raycmopdosuii Tomi i
TIIBKY TOJI, KOJW JiaroHajs A Tonoorigaoro jo6ytky X X X €
3aMKHEHOIO IMIIMHOKIHOIO B X X X.

Bopasa 2.36. [losectu, 1o Tonosoriunamii 106yTOK TOI 1 Tijib-
KU TOJALI Ma€ 3jiueHy 06a3zy, KOJU KOXKEH KOODJAWHATHUI mpocTip
Mae 3jaiueny 6as3y i Tomosoril BCiX KOOPIUHATHUX IPOCTOPIB, KPiM

3JIIYEHOTO YHC/Ia, TPUBIAJIBHI.

Bupasa 2.37. /losecTu, 110 TONOJIOTIYHANE HOOYTOK JIBOX Tayc-
opdOBUX MPOCTOPIB € raycaop¢OBUM.
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5. DakTOpPOPOCTIP

Osuauenns 2.7. Hexaii (X,7) - Tonosoriaauii npocrip, Y - Mmuo-
xuHa i f Bimobpaxkenns X — Y. Paxmopmonoaoezicio BiIHOCHO
Bimobpazkennst f 1 TOMOJIOTIT T HA3ZUBAETHCS HAMOLIBINT CUJIbHA 3
yCIX TOTIOJIOTI HA MHOXKWHI Y, Jjid Skux Bimobpaskenns [ Here-
pepsre. Hexait Temep w - BiAHOIIEHHS €KBiBAJEHTHOCTI HA MHO-
xunl X, Y - dpakropmuokuaa X /w i f - npuposna mpoekiisgX —
X /w, sxa koxuiil rouniz €X craBurh y Bijguosijguicrs 11 Kiac
exsiBasientrocTi. Tomi ¢paxmopnpocmip npocropy (X,7) 3a Biz-
HOIIEHHSIM €KBIBaJIEHTHOCTI w - Tie¢ akTopMHOKHHA X /W, 10
Mae PaKTOPTOIOJOTII0 BIIHOCHO Binobpaxkenusi f i TomoJorii 7
. Hacro dakTopmpocTip MO3HAYAIOTH TaK, SIK 1 (PaKTOPMHOKH-
Hy, T06T0 cnmBosiom X /w. SIKIO BiHOIEHHST €KBIBaJIEHTHOCT] W
ITOJISITAE B TOMY, 1110 BOHO OTOTOYKHIOE yCi TOUKHU 3 JI€SIKOI i/ IMHO-
Kuuan ACX 3 K010 OHICI0 TOYKOI0, TO (DAKTOPIPOCTIP TO3HA-
qaeTbest uepes X /A.

Ko w - BigHOMeRHS exBiBaseHTHOCTI B I2, SIKE OTOTOKHIOE
touxn (0;b) i (1;1 - b), To MB = 12/w - e aucm Me6iyca.

SIKII0 w - BIAHOIIEHHS eKBiBaJIEHTHOCTI B [ 2, gKe OTOTOXKHIOE
rouxn (0;0) 3 (1;0) i (a;0) 3 (1 - a;1), To KB = 12/w - naswxa
Kaetina.

SIKII0 w - BIAHOIIEHHS eKBiBaJeHTHOCTI B [ 2, gKe OTOTOXKHIOE
rouxnm (0;6) 3 (1;1 - b) i (a;0) 3 (1 - a;1), To RP? = 12 /w - npoe-
KMUBH NAOUUHG.

Brnpasa 2.38. 3uaiitu dakropupoctip X/ ~ TonoaorivHoro mnpo-
cropy (X, T) 3a BiIHOIIEHHSIM €KBIBaJEHTHOCTI ~, AKIIO:

1. X ={a,b,c,d}, 7 ={0,X,{a,c},...}; ~— rake naiimenme
BiIHOIITEHHST €KBiBAJIEHTHOCTI, 1110 @ ~ ¢, b ~ d;

2. X ={a,b,c,d}, 7 = {0, X,{a,b}}, ~ — Taxe HaiimeHme
BiIHOITEHHST eKBiBAJIEHTHOCTI, 1110 @ ~ b, ¢ ~ d;
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3.

10.

X ={a,b,c,d}, 7 = {0, X,{a},{b}}, ~ — Take naiimernie
BiTHOIITEHHST €KBiBAJIEHTHOCTI, 1110 @ ~ b, ¢ ~ d;

X ={a,b,c,d,e}, 7 =10, X,{a,b},{c},...}, ~ — naiimen-

1Ie BiJ[HOIIEHHS €KBiBaJIeHTHOCTI, 10 @ ~ b, ¢ ~ d, ¢ ~ ¢;
X = {a7 b’ C7 d}7 T = {Q?X’ {a}7 {a? ~C~Cn b}}?

X =7, T — Tonojorig mudpoBoi mpamMoi, ~ — Take Bii-
HOIIIEHHsI €KBIBAJIEHTHOCTI Ha Z, 1m0 k ~ [, Toxni it Jiniie
Topi, Ko k — | mimurbes Ha n € N (tmdpose K010, KON
n TmapHe);

X — HemopoxXHA MHOXKWHA, T — TOIOJIOTiA po3buTTd, ~
— BIJIHOIIIEHHS €KBiBAJIEHTHOCTI, TOPOKEHE JTAHUM PO30U-

TTAM;

(X, 7) — noBlabHMIT TOHOMONYHKI TPOCTIP, ~ — BigHOIIE-
HHS €KBIBAJEHTHOCTL, KOXKeH KJIaC IKOTO CKPI3b MILTFHUN B
X;

X = R, 7 — npuposna TOMOJIOTiA, ~ — TaKe BiIHOIIEHHS
€KBIBAJIEHTHOCTI, IO & ~ Y, TOAL i JIUIlle TOMl, KON & = Y,
r,y €Q;

X = R, 7 — npupojiHa TOMIOJIOTisI, ~ — TaKe BiHOIIEHHS
€KBIBAJIEHTHOCTI, IO & ~ Y, TOJMI ¥ JUITE TOJI, KON T ~ Y,
o He Hajae:kuTh Q.

Brnpasa 2.39. Hexait D! = [-1;1] - oqmoswmipswit quck, SO = {~
1;1}- mymeeumipna cdepa. dosectn, mo D'/S = S - komo.

Brpasa 2.40. Hexait 12 = [0;1]x[0;1] ozmmmummit kBagpar, w -

BiHOMmeHHs exBiBasenTHOCTI B 2, 9xe oToroxmioe Touku (0;t) i
(15t), t € I = [0,1]. Homectn, mo 1?/w = S'xI - muainap.
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Bupasa 2.41. Hexait w — Binmomenus exsiBaientHocTi B 12,
ake ororoxutoe Touku (0;0) 3 (1;0) i (a;0) 3 (a;1). TosecTn, mo
T? = I?Jw = St x ST — Top.

Bupasa 2.42. Jlosectu, mo aximo chepa S” ! e mexero qucka
D", to D"/S" 1 = §™.

Bupasa 2.43. flka noeepxusa O6yse ofepxKana, sIKIO B MPABUIb-
HOMY TTECTUKYTHUKY CKJIEITH TPOTHUJIEKHI CTOPOHU 33 OCBOBUMHI

CHMETPISIMH MiK HUMH?!

Bnpasa 2.44. Ckinbku pisaux (He romeoMopgHUX) TTOBEPXOHD
MOYKHa OTPUMATH TIOTIAPHO CKJICIOI0YHN CTOPOHW YOTHPUKYTHUKA,

MIeCTUKYTHUKA,?
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6. byker, muiinap, KoHyc, HAJA0YI0Ba

OsnHauvennsa 2.8. Tonoaozivnum nNpocmopom 3 6i0MIMEHOIO MO-
uKot0 HaszuBaeThed mapa (X, xg), e X — TomoJoridaHuii IpocTip,
xg € X.

Tomosoriunuit o6yrok X X Y mpocropis (X, zo) i (Y, yo) mae
Bimiveny Touky (zo,yo). Ha daxropupocropi X/ ~ mpocropy
(X, x0) BiAMIUEHOI TOYKOI € KJaC eKBIBAJIEHTHOCTI TOYKH (.
Binmiuenoro roukoro Ha [0, 1] BBakaeTsest 0.

Osuauenns 2.9. Byxem X V'Y npocropis (X, z9) i (Y,y9) —
e He3p a3ue o0’exmamusa mpocTopis X 1 Y, B gakoMy TOUKY g
CKJIEEHO 3 Yo'

XVY=(XUY)/~, z9~ .

Osnauvennsa 2.10. [Juaindpom waz npocropoM X Ha3UBAETHCs
nobyrok Cyl X = X x I, ne I =10,1].

Osuavenns 2.11. Konycom Con X mag X Ha3WBAeTHCSA IPOCTIP
ConX =X x I/X x {1},

o oTpUMaHui 3 MuIiHApa X X [ cTAryBaHHSIM BEpPXHBOI OCHOBU
X x {1} B Touky.

ITpukaan:
Con S™ = D1,

Osnavenns 2.12. Hadbydosoro XX Hax X HA3HBAECTLCS IPOCTIP
YX =Con X/X x {0},

o orpumanuii 3 koryca Con X crarysanusam ocHosu X x {0} B
TOUKY.
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ITpukaan:
RS = gt
Ozunavennst 2.13. 3miwanum dobymrom HASUBAETHCHA TPOCTIP

XAY =X xY/X VY.

ITpuknan:
S™ A Sk Sn+k

Axmo X — mpocTip 3 BiAMIiUEHOI0 TOIKOIO X, TO B OTIEPAITiAX
KoHyca i HagOynoBu OymeMo J0JATKOBO g X I CTAryBaTH B TOUKY,
Ky 1 6y1eMo BBaXKaTH BiIMiUEHOIO.

Osuavennsa 2.14. Hexait X,Y — romosoriuui nmpocropu, A C
Y, f: A —» X — nemepepsue pigoOpazkenns. KaxKyTb, 1110 mpo-
crip XUY orpumano 3 X npuK/IeioBaHHAM Y 3a BiJoOpasKeHHIM
f, sximo

XUpY=(XUY)/~, z~ f(z), €A
Buapasa 2.45. losectu piBHOCTI (rOMeOMOpPQHICTH TTPOCTOPIB)
a) XV SY=XUx,

(10,1],0) v ([2,3],2) = ([-1,1],0),
([ } )V([2,4],3):(X,0),

6
B

r) CylS% =[0,1]U[2,3],

e) 9" = §ntl

ST A Sk Sn+l<:

)
)
)
1) Con S = DnHL,
)
€)
)

X) XVY = XUfY fixo— 9o, o € X, yo €Y.



3.TomoJioriyul BJIACTUBOCTI

TorosorivHi BJIACTUBOCTI — T1€ BJACTUBOCTI, 1110 306€piraoThes Ipn
romeomopdizmax. J[o TOMOIOTiIHNX BAACTUBOCTEH BiIHOCATD Ce-
npapabenbHiCTh Ta ICHYBaHHSL y MPOCTOPY 3/aidenol 6asm (2-ra
akcioma, 3119eHOCT]).

1.3B’93HICTH TA JIHIHA 3B 43HICTD

O3zunauennst 3.1. Tormosoriununii TPOCTip HABUBAECTHCA 36 AZHUM,
SIKITO HOr0 He MOXKHA TTOJATH Y BUIVISI] 00’€THAHHS TBOX HETTOPO-
JKHIX BIZIKPUTHUX MHOXKWH, 10 HE TEPETUHAIOTHCs. B iHIIOMY BH-
MKy TPOCTIP HA3BWBAECTHCA He36 A3HuMm. Axmo X He3B sa3Humit
MIPOCTip, TO ICHYIOTH TaKi BIAKPHUTTI He MOpPOXKHI MHOKWHU U 1
V,mo X = UYV iUNV # (). Toxi muoxkunu U 1 V e Takox
3aMKHEHWMH, 9K JOTMOBHEHHS 10 BiAKPUTUX. B IhOMY BUIAIKY
TaKOXK KaxKyTh, mo napa {U, V'} € posbummam npocropy X.

TligvuokuHa 38’930 B TOMOJIOTIIHOMY TTPOCTOPI, AKIIO BOHA
3B’sI3Ha B HBOMY $IK ITiIITPOCTIP.

Adximo X #0,Y # 01 XNY = 0, ro napa { X, Y} € posburrsam
xXuy.

IMpukiaazn 3.1. Muoxuna X = [0, 1]U[2, 3] € He3p’s13H010, a napa
{[0,1], [2, 3]} € il po3GurTam.

Teopema 3.1. Mnoowcuna X = [0,1] e 36’aznor0.

53
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Josedenna. Ilpunycrumo Big cymporussoro, 1mo mas X = [0, 1]
icnye posburrta {U, V}. He obmexyroun 3aranbHocti, 6yaemo
BBaxkaru, mo 0 € U. Hexait a = inf V. ko a € U, T0 a < 1.
Ockinbku U — BiAKpUTa MHOXKHHA, TO Pa30M 3 TOYKOI a BOHA
MicTuTh 1 gkuiics i1 e-okin (¢ > 0). Tomy [0,a +¢) C U. 3Binkn
pumtusae, 1o inf V' > a + . Orpumane npoTupiuds JA0BOAUTH
xubHiCTh HpUIyIeHHs, 1mo a € U.

Ymosa a ¢ U pisrocuasaa a € V. Ockinbku 0 € U, to a > 0.
Ockinbgu V' — BigkpuTa i @ € V', TO iCHY€ £-OKIJT @ 110 MiCTUTBCSI
B V. Tomy (a — g,a] C V. 3sigcn sunsmsae, mo a — e > inf V.
Orpumane IPOTUPIYYS JIOBOJIUTE TEOPEMY. [

Teopema 3.2. Obpas 36°A3H020 NMPOCMOPY NPU HENEPEPSHOMY
8idobpasicenns — 36 A3HU.

Hosedennsa. Hexait f : X — Y — memepepBHe BimoOpaskeHHsT
3B s13H0r0 TIpocTopy X . [lpunyctumo Bia CyIpoTUBHOTO, IO iCHYE
posburrs {U,V'} muoxurn f(X) C Y. Toxi {f~HU), f~1(V)} e

posburTaM X, 110 MPOTUPIYNTDL 3B d3HOCTI X. O

3 1i€l TeopeMu BUILIMBAE Te, 10 3B’SI3HICTH — TOMOJIOTIYHA

BJIACTUBICTD.

Jlema 3.1. XY - 36’asni i X NY # 0, mo obmescenns X UY
MAKONC € 36 AZHUM.

Hosedenna. Ipunycrumo Big cymporusHoro, mo X UY He € 38 a3H1M,
Toi icaye fioro posourrs {U, V}. Ockinekn X NY # (), To icnye
x € XNY. Hexait, nna susnadenocti, x € U. Hexatt y € V. dxmo
ye X, o {UNX,VNX} - posdurra X, 1mmo npoTupiauTs Horo
3B’siznocti. ko y € Y, o {UNY, VNY} — pos6urrsa Y, o
npoTupiunTh fioro 3e’a3nocti. OrTpuMani TPOTUPIYYS JTOBOJATH
JIemy. O

Osuauvennsa 3.2. Komnouenmotro 36’asnocmi (abo Komnonen-
MO10) TOMOJOTIIHOTO TTPOCTOPY HA3BMBAETHCA MAKCUMAJIBHO 3B’ I3HA,
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B HBOMY MiJIMHOXKWHA, TOOTO TaKa 3B’si3HA MHOXKWHA, SKa HE €
BJIACHOIO IIIAMHOXKHMHOIO HISIKOI 1HINOI 3B g3HOI MHOXKHUHH. [HIIN-
vu csoBamvu, U € KOMIIOHEHTOIO 3B’sI3HOCTI mPOCcTOpy X, TKIMO
3B’sa30a 1 He icuye 38’a3mol Muoxkunu V D U, V £ U.

3 o3HaUeHHsT KOMIOHEHTH 3B sI3HOCTI Ta Teopemu [3.3] Buriu-
Ba€

Hacaigok 6. IIpu 2omeomopdizami xomnonenmu 36’°’a3nocms 610-
00PANCAIOMBCA Y KOMNOKEHMU 36 AZHOCTNL. 30KpPEMa, 20MEOMOD-
PHT NPOCTNOPU MAHOMY 0OHAKOEY KIALKICMY KOMNOHEHT, 36 A3HOCTNI.

3 stemu [3.1] BuruBag, 1o 181 Pi3HI KOMIOHEHTHU 3B’ 43HOCTI He
nepernHaloThest. OTke, mpocTip X po30UBAETHCS HA CBOT KOMIIO-
HEHTHU 3B’ A3HOCTI.

Jema 3.2. HAxupo f : X — Y — 2omeomoppism, A C X, mo
obmesicenna fla : A — f(A) ma flx\a : X\ A = Y\ f(A)

MaKoIC € 20MEOMOPPIZMAMU.

Jlosedenna. 3 roro mo f — Giekris sumausae, mo fla : A — f(A)
1a flx\a: X\ A=Y\ f(A) rakox e Giexnisvm. TToxkaxemo, mio
BiAKpHUTi B Tomo oril A MHOXKHHK BiooOpaskaloThCsl Ha BILIKPHUTI
muOkuHN B Tomosoril f(A). Hexait V € 74. Toni icaye U € 7x,
mo V = U N A. 3 6iekrusnocri f sunnmsae, mo f(V) = f(U)N
f(A). Ockinbku f — romeomopdism, o f(U) € 1y. Tomy f(V) =
f(U) N f(A) € Tpa)- BacToCyBaHHs aHATOTIMHUX MIPKYBaHb 10
f_1|f(A) = (f|a)~! moBoguTs, WO f|4 — TOMeoMOPDIzM.

Axmo nepenosrauntn A ta X \ A, T0 orpumaemo, mo f|x\ 4 :
X\A—=Y\ f(A) — romeomopdizm. O

Hacainok [6] pasom 3 nemoro [3.2] 103Bosist0Th 10BOANTH HE TO-
MeOMOPQHICTD JiesikuX 3B’a3umX npoctopis. I[Ipomemoncrpyemo
e Ha TTPWKJIaTI.

ITpukaasn 3.2. Binpisok [a, b] He romeomopduuit inrepsay (¢, d).
[Tpunycrumo BiJ CynmpoTUBHOTO, 1110 icHye romeomopdiam f : [a, b] —
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(c,d). Tomi flay : (a,b] = (¢, f(a))U(f(a),d) Taxox romeomop-
bizm, 1o HemoxMBO, 60 (a, b] Mae ogHy KommOHEHTY, a (¢, f(a))U

(f(a),d) — nsi.

s noBejieH s 38’ A3HOCT] 3Py YHO BUKOPUCTOBYBATH TIOHATTS

JIiHifHOI 3B’93H0CTI.

Ozunavennst 3.3. [llaaxrom 3 TOYKM T B TOYKY Y B TOIOJIOTI-
YHOMY TpocTOpi X HA3WBAETHCA HEIepepBHE BimoOparkeHHsd 7y :
[0,1] — X rake, mo v(0) = z,v(1) = y. Tonosoriunumit npocrip
X Ha3WBAETHCS AIHITHO 36 A3HUM, SIKITIO JJIS TOBIIBHUX TOYOK
z,y € X ICHye IJIIX 3 T B Y.

Teopema 3.3. Hrxwo X atnitino 36’asuutd, mo X 36 a3nud.

Hosedenns. Tlpunyctumo Bif CympoTHBHOTO, 1110 X JIHIHHO 3B’ A3HUil,
Ta icuye posburta {U, V'} npocropy X. Ockineku U # 0, V # (),
10 icuytore x € U, y € V. I3 jinifinoi 38’a3uocti X Buiimsae
icnyBanus muisixy vy ¢ [0,1] — X 3 3 Touku x B TouKy y. To-
ai {y~YU), v%(V)} posburra siapisky [0,1], mo mporupiunTs
TeopeMi OTrpumane TPOTUPIYYS JAOBOIUTH TEOPEMY. ]

IMpuknan 3.3. Chepa S? e 38730010 MHEOKHHOW. Hexait O —
tentp cepu. s I0BIIBHEX IBOX TOUOK &,y € S? po3rsme-
MO ILUIONIMHY v, 10 npoxouTh depe3 Touku O, x,y. Hexait [ —
HaliMeHIIIA 3 JIyT, Ha IKi TOYKH 2,y HOALITIOTs Koo a N S2. Op-
TOroHa bHA TpoeKIis [ Ha npsaMy (Z,y) 3 TOJAIBIINM JiHITHIM
BisobpaskennsiM Biapizka [z,y]| Ha [0, 1] 3amae romeomopdizm w
Mizk 3 Ta [0,1]. ObepHene BigoGparxkenns w™ ! 3aJaec MIAX 3 Ty

Y.

st i IMHOXKWH TIPSIMOT 3B’ I3HICTh PIBHOCUIBHA JTHIHHII 3B’ I3HOCTI.
[Tpote, B 3arabHOMY BUIAIKY, i3 JHHIFTHO! 3B’93HOCTI HE BUILIHU-
Ba€ 3B’A3HICTD, IO AEMOHCTPYIOTH HACTYIIHI TPUKIAJIN.
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ITpuknanx 3.4. Ilpoctip
1
;X:{MAQ—LHU{@QDERﬂyzﬁnE,x#O}

€ 3B’g3HuM 1 miniiHo He3B d3HmM. 3ayBaxkwmmo, mo X = X_ U
XoUXy, ne X_ ={(z,y) € X|x <0}, Xo ={(z,y) € X|x =0},
Xy = {(z,y) € X|z > 0}. KoxxHa 3 1ux MHOXKHH € JIHIHHO
3B’gI3HOI0, & OTke, 3B a3u010. [Ipunyctumo, mo y mpocropa X
icaye posburra {U,V'}, (0,0) € U. Ockinbku U BinkpuTa, T0 BOHA
micturh okl (0,0) 1 TOMY TT€PEeTHHAETHCA 3 KOXKHOIO 13 MHOXKIH
X_, Xo, X,. Ockinbku V # (), To V neperunaerbca xoda 06 i3
onuieto 3 muokue X_, Xo, X;. Hexaii ne 6yne X_. Toxi {U N
X_,VNX_} e posburtsam X_, M0 TPOTUPIIUTH HOTO 3B sI3HOCTI.
OTrpumane TpOTUPIUUS TOBOAUTE 3B’ sI3HICTD X .

Axmo npunyctuty, mo X gixi#ino 38’a3nwuit, To g x € X_
Ta y € X icuye musgx v : [0,1] = X i3z y y, () = {x(t),y(t)}.
Hexait tg = inf,;)—t. 3 pospuerocti B 0 dbynxuii y = sm%
BUILIMBAE PO3PUBHICTL Y(t) B t(, 110 NPOTUPIUMTEL HENEPEPBHOCTI
v i AoBoauTH JiiHiliHY He3B a3HicTh X.

IIpuknazn 3.5. (Mypamka i rpe6inens) Ipoctip

Y = ﬂmﬂuo1{muU{}

€ 3B’43HUM 1 JIHINHO He3B d3HUM.

Buopasa 3.1. [4, 486] 3’scysaru, un € MHOKMHA A 3B’s13HOIO Ta
KOMITOHEHTO0 pocTopy (X, 7) y KOKHOMY KOHKPETHOMY BUIIAI-
Ky, SIKITIO:

a) X ={a,b,c}, 7={0,X,{a}}, A={a,b};
6) X ={a,b,c}, 7 ={0,X,{a},{a,b}}, A= {b,c};
B) X ={a,b,c}, 7 ={0, X, {a},{a,c}}, A={b,c};
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r) X ={a,b,c}, 7 ={0,X,{a},{b},{a, b}, {a,c}}, A={a,c};

o) X = {a,b,c,d}, 7 = {0,X,{a},{b},{a,b},{a,c}, {b,c},
{a,b,c},{a,b,d}}, A={a,c,d};

e) (X,7) — undposa npsma, A ={-n,...,n}, neN;

€) X =N, 7 — Tonosoris apudmernanunx mporpeciit lipixre,

A=N;
xK) X =7, T — Tomosiorisa apudMernanux mporpeciii, A = N;
3) X =R, 7 — rockingenna Tomosoria, A = 7Z;
n) X =R, 7 — kozmiuna Tomonorisa, A = Z;

) X=R,7={0,R,N,Z,Q}, A=0,1];

)
)
)
)
i) X =R, 7={0,R,Q,R\Q}, A=[0,1];

)

k) X = R, 7 — poauna 00’eaHaHD BiApi3KiB 3 MIAUMH KiHITHA-
MU Ta OJHOTOYKOBUX MHOMKWH 3 ILINME ejementamu, A =
[0,1];

1) X =R, 7 — [0, 1]-Bmicua Tomosorisa, A = [2,3];

M) X =R, 7 — 0-BmicHa Tomosoris, A = Z;

H) X =R, 7 — A-Busyuena ronosoris, A = Q;

0) X =R, 7 — npupoana ronosoris, A = N;

n) X =R, 7 — npupogna ronosoris, A = [0, 1];

p) X =R, 7 — npupogna ronoorisi, A = [0, +00).

m) X =R, 7 — npupogna Tonosoris, A = Q;
y) (X, 7) — mwrommna 3opreadpest, A = (iQ);
$) X = R?, 7 — npupoana tonosoria, A = {(z, —x) | z € R};
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z) X = R% 7 — npupozxna Tonomoriza, A = R? \ Q?;

u) X = R?, 7 — npuponna ronosoriz, A = R?\ ((R\Q)x{0});

w) R?, 7 — npupoana Tononorist, A = ({0,1}x{0})UU,,en({1/n} x
[0, 1]);

w) X = R?, 7 — npupoama Tomomoria, A = ({0,1} x {0}) U
Unen({1/n} x [0, 1]);

w) X = R? 7 — mpupoama Tomosoria, A = {(z,sin(1/x)) |
z e R\{0}};

v) X = R? 7 — npupoana ronosorisa, A = (R\ 2) U{(z,y) |
7] <1,y € R};

t0) X = R?, 7 — npupoxna Tomnouoris, A = |J,cg{z} x [0,1];

a) X = My,(R), 7 — OGyab-sika TOMOJIOTS.

Buopasa 3.2. [4 487| 3’acysaru, un € npupojHa TOIO0JIONS HA
A C R?, 38’a31010, KOJII:

) (z,y)
b) A={(z,y) € R? | 222 =4 +1};
c) A= {(z,y) e R? |22 >94?> > 1}
d) A={(z,y) €eR? |1 =2219%>1}
) A={(z,y) e R*|2%y* > 1};

Bopasa 3.3. [4, 488] 3’sacysaru, un € ronosoridnuii npoctip
(X, 7) 3B’s13HMM 1 JITHIHHO 3B’SI3HUM, KOJIN:

a) (X,7) — opocrip CepmiHChKOro;

b) X =N\ {1}, 7 — Tonosoris AiibHEKIB;

(S

)
)
d) X =N, 7 — nudposa mpsma;
) X =Z, 7 — ronosoria apudMeTUUHUX MPOrPeciii;
)

f) X =Q, 7 — undposa npsima;
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k) X =R, 7 — npupomasa TOmOJIOTi;
1) (X,7) — eBKuimiB mpocTip;
m) X =R, 7 — KOKOMIAKTHA TOILOJIOLis;

n) X =QuU{p}, p ¢ Q, 7 — romosoris 0JHOTOUKOBOT KOMIIA-
KTdiKamii BIAKPATOrO eBKIII0BOTO MpocTopy R;

0) (X, 7) — crpinka 3opreundpes;

p) X =Zy,, T — iHAyKOBaHA €BKJI1IOBOI0 METPUIHOIO TOIMOJIO-
riero ma R™*1

Bnpasa 3.4. [4, 489] 3’sicysartn, 9m € TOMOJIOTIYHUIE MPOCTIP
(X, 7) 3B's13HUM 1 JIIHIHHO 3B’SI3HUM, KOJIH:

a) X — HEMOPOXKHS MHOXKWHA, T — AHTIIMCKPETHA TOTIOJIOTIS;
b) X — HemopoXKHS MHOXKHUHA, T — JUCKPETHA TOMOJIOTIS;
B) X — HENOPOKHSA MHOKWHA, T — TOMOJIOTIA 3IOMAHOT TT;
r) X — HEHmOpOXKHs MHOXKUHA, T — A-BUMipHa Tomosorisa, A C

X — HENopoXKHS TMIMHOXKIHA,;

1) X — HEmopoXKHsI MHOXKHWHA, T — A-BUJIydeHa TOTOJIOTIS,
A C X — HenopoxKHs I JIMHOKIHA,

e) X — BJacHa HAIMHOXKMHA HOCIst TOMOJOTIYHOTO MPOCTOPY
S, T — TomoJIoTis BUJIBHOrO po3mupents S 10 X;

¢) X — BJacHa HAJMHOYKHHA HOCIsI TOMOJOTIYHOTO MPOCTOPY
S, T — TOTOJIOTiS 3aMKHEHOTO PO3Iupenas S 10 X;

k) X — BJIACHA HAAMHOXKHMHA HOCIS TOMOJIOIIYHOTO MPOCTOPY
S, T — Tomojiorig posmupents S 10 X;

3) X — HECKiHYeHHA MHOXKWHA, T — KOCITHEHHA TOTIOJIOTis;
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u) X =R, 7 — Kko3yiueHa TOMONOTI;

Bopasa 3.5. /losectn, 110 Tomororianmii mpoctip X He3n a3uunii
& ichye BigkpuTo-3aMKHena MHOoxkuHA U Taxa, mo U # (i U #
X.

Bnpasa 3.6. losecru, mo inrepsannu |a, b, [a, b), (a, b], (a,
b), oo < a<b < 00, i TUIBKU BOHU € 3B’SI3HUMHU MHOXKHHAMHU B
CTaHJAPTHIN TOMOJIOTI] HA TPAMIi.

Buopasa 3.7. Hosecrn, 110 3aMUKAHHS 3B sI3H0T MHOKHUHNA 3B s3HA
MHOYKIHA.

Buopasa 3.8. /loBeaiTh Taki BIaCTUBOCTI KOMIIOHEHT 3B’ sI3HOCTI:

1) KOoMmOHEHTa 3B’SI3HOCTI, IO MICTUTH TOUKY & JOPIBHIOE
00’€IHAHHIO BCIX 3B’A3HUX MHOXKWH, 1110 MIiCTATb TOYKY X,

2) MOBiIbHA KOMIIOHEHTA 3B ’I3HOCTI € 3aMKHEHOI0 MHOKHHOIO,

3) SKIO TOMOJIOTIYHWI MPOCTIP CKJIAJAETHCSA 31 CKIHIEHOTO
YKCJIA KOMIIOHEHT 3B’SI3HOCTI, TO KOXKH& KOMIIOHEHTA 3B’d3HOCTI
€ BIJIKPUTOIO MHOXKWHOIO,

4) KOXKHI 1Bl KOMIIOHEHTH 3B’SI3HOCTI ab0 HE MEePEeTHHAIOTHCH,
abo 3biraoThCsd,

5) y romeomMopdHUX TPOCTOPIB OJHAKOBE YUC/I0 KOMIIOHEHT
3B 3HOCTI.

Brpasa 3.9. Jlosecru, mo npocrip X = {(z,0)€ R?| z <0}u{(z,
sin(l/x))| x>0} e 3B’a3uuM, ase JiHIHO He 3B’A3HNUM.

Buopasa 3.10. Hosecru, mo uipmuoxuna 3 R' 38’a3na Toai i
TIABKYU TO/Ii, KON PA30M 3 OyIb-IKUMU JTBOMA, TOIKAMY BOHO Mi-
CTUTDH BiIPI30K, IO 3’€IHYE Il TOUKH.

Bopasa 3.11. Hasectu npukjiaj 3B I3HUX MHOXKWH, [T€PETUH
SJKUX HE € 3B’SI3HUM.

Bopasa 3.12. Jlosectu, mo skimo A i B - 3aMKHEHI MHOXW-
Hu, 00’€THAHHSA i TTEPETUH SKUX € 3B’ SI3HUMHU MHOXKWHAME, TO i
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MHOKUHE A, B - 38’s131i. Un mpaBuabHe 1€ TBEPIZKeHHsT T He-
3aMKHeHMX MHOXKuUH A 1 B?

Bupasa 3.13. Jlosecru, mo migmaozkuHa B R?, gKa cK/Ia1aeThes
3 TOYOK, Y IKUX X04a O 01Ha KOOPAMHATA ippaIlioHAbHA, 3B d3HA.

Bropasa 3.14. Hapectn IpHKJIa TOTOJOTIIHOTO TIPOCTOPY, IO
MICTUTL OTHOTOYKOBI KOMIIOHEHTH 3B A3HOCTI.

Buopasa 3.15. Yu € 06pa3 HE3B’A3HOI0 IPOCTOPY MPH HEIEPepB-
HOMY BimoOpazKeHHl HEe3B SI3HUM POCTOPOM?

Buopasa 3.16. Jlosecru, 1mo sKIO HemepepBHa mificHa QyHKITiA
f, Bu3HaUeHa Ha 3B a3HO0MY IIpocTopi X, mpuiiMae TomaTHi 1 Big €Ml
3HAYEHHS, TOI B AedKiil Touri 3 X BOHA ITEPETBOPIOETHCS B HYJIb.

Buopasa 3.17. [oecru, 1mo BiAKpuTHii TPOMiKOK (1HTEpBas) HE
romeoMopdHUil HiITKOMY HAUIBBLAIKPUTOMY Ta HIKOMY 3aMKHEHO-

MY IPOMIXKKY.

Bnopasa 3.18. oBecTn, 1110 HaCTYIHI MPOCTOPU HE TOMEOMOP-
mi:
a)RllR"ann>1
6) 5" i [a; b:
B) SllanpI/In>l
r) 6yksu E i U, mo posrnggaorhes gk mignpocropu B R2,

Buopasa 3.19. Hosectu, mo skimo U — BigkpuTa 3B’d3Ha M-
vuoxuaa B R? (B R™), 1o U — miniitno 38’ a3Ha.

Bxasiexa. oBeiTh, KOPUCTYIOYUCH KPUTEPIEM BIIKPUTUX MHO-
JKUH, 1[0 KO’KHA KOMITOHEHTA JIiHifTHOI 38 d300cTi U € BiIKpUTOH0

MHOXKHMHOIO.
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2. AkcioMmn BigOKpeMJIeHHS

B mpomy po3mizi MU po3TIIsIaeMo TOTOJIOTIYMHI BAACTUBOCTI, SIKI
TOB’A3aHi 3 MOXKJIMUBICTIO MOOYIOBM OKOJIB, 9Ki HE MEPETHUHAIO-
ThCsI, JIJTsT MHOZKUH, 110 He MePETUHAIOTHCsI, TOOTO BiTOKPeMJIEHHS
OonHi€] MHOKWHHM B1JI 1HIIIOT 38 JIOIOMOTOI0 OKOJIIB.

Osuauenns 3.4. Tononoriunuii npocrip (X, 7) MoxKe 33/10BO/Tb-
HATU TaKUM aKcloMaM:

To: A7 TOBLIBHUX TOUOK T,y € X, & # y icaye okin U Toukm
y, mo x ¢ U abo okin V toukn z, mo y ¢ U .

T1: st oBUTBHUX TOYOK X,y € X, x # y icaye ok U TouKn
y, mo x ¢ U.

Ts: mia noBiabHuX TOUoK X, y € X, & # y iCHYIOTb IX OKOJIH,
MO HE TEPEeTHHAIOTHCH.

T3: ¥V 3amkuenoi muokuan A1V x¢ AU, Ve ACU,
eV, UnNV = 0.

T b V samknenol mHOKUHU A 1V = ¢ A 3 HemepepBHa
dbyukuia f:X —[0,1], f(A) = 0, f(X) = 1. B npomy Bunajky
KaXKYTh, 1[0 TOYKA T 1 MHOXKWHA A € PyHKUIoOHaAbHO 6idoKpem-
AEHUMU.

Ty: V 3avkuenux muoxkna Ai B, ANB=03U,V e : AC U,
BcVv,UnV =10.

IIpoctip, sxuit 3am0B0bHESE akcioMi T; Ha3WBaeTHCA 1;-TTPOCTOPOM.

O3snauvenna 3.5. dxmo npocrip, 3am0B0obHAE akciomi Th, #oro
Ha3UBAIOTh 2aycdopposum rpoctopom. LlpocTip, daxuii 3a10B0Jb-
Hse akciomaMm 1) 1 T3 HA3WBAEThCS pe2yaapHum, akciomam 17 i
T fp — TMUTOHOGUM, abo yiakom peayaaprum, akciomam 17 1 Ty —
HOPMAADHUM.

Ockinbku npu romeomopdizmi 3aMKHEHI MHOXKUHU Binobpa-
KAIOTHCH Y 3aMKHEHI, BIKPUTI Y BIIKPWUTI, OKOIU y OKOJIM, TO
KOXKHa 3 aKCIOM BiJIOKPEMJIEHHST € TOTIOJIONITHOI0 BJACTUBICTIO.
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Teopema 3.4. (Kpumepit T} -npocmopy). Tonoaoziunuii npocmip
(X, 1) e Ti-npocmopom modi ma misvku modi, KOAU KOHCHE
MHOHCUHG, U0 CKAGIGEMBCA 3 OOHIET MOUKU, € 3AMKHEHO.

Hosedenna. Heobxionicmoy. Hexait x € X, X — Ty-npocrip. 3a
akciomoro T, /s KOXKHOT TOUKE Y # x icuye okia U(y), mo x ¢
U(y). e piBHOCHIBHO TOMY, 1110 Jyist KOxKHOT Touku y € X \ {z}
icaye okin U(y), mo U(y) € X \ {z}. 3a xpurepiem Bigkpuroi
muoxunn, X \ {z} — Bigkpura, a {r} — 3amkaena.
Jocmamnicms. KO KOXKHA OJHOTOIKOBA MHOXKWHA € 3a-
MKHEHOIO, TO JjIsd JIOBIIBHUX TOYOK X,y € X, T # Yy MHOKUHU
U(x) = X \{y} taU(y) = X \ {z} € ix okoamMmu Takumu, 110
y¢U(x), z ¢ Uy). O

Teopema 3.5. Ilidnpocmip zaycdopposozo npocmopy € 2aycdop-
Posum npocmopom.

Hosedenna. fxmo npoctip X raycmopdis, A C X i z,y € A,
x # y, 1o icayorh ix Bimkputi B X okomum U(x) ta U(y) raxi,
mo U(z) NU(y) = 0. Toxi muoxunu V(z) = U(z) N A, V(y) =
U(y)NA e Bigkpurumu B ingykoBasiit Ha A Tomosorii i € okonamu
B A TOYOK x,¥, IO HE MEPETUHAIOTHCH. O

JIema 3.3. (¥Ypicon). Tonoroziwnud npocmip (X,7) mopmans-
HUl odi Ma Miabku modi, KoAU 0ad JOBIALHUL 3AMEHEHUL MHO-
orcun A i B, ANB = ) ichye nenepepena dymnxuin f: X — [0,1],
f(A)=0, f(B) =1.

Josedenns. Heobxionicmov. Hexait A 1 B — 3aMKHeHI MHOXKXUHU
HopManbHoro npocropy X, AN B = (. Ilokmaxemo Uy = A,
U; = X \ A. 3a akciomoro Ty mis 3amruennx MHOXKUH A Ta B
icaye Bigkputa muoxuna Uy, mo A C Uy g, ANB = (. Jani 3a

innykitieo BusnadaemMo Uaky1 9K BigrkpuTuit okijg U & , JJIsT SIKOTO
on+1 an

U ak+1 ﬂX\Uﬂ = (.

on+1 on
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Bynemo mosnadaru uepes Q MHOXKHMHY UHCEN BUINIALY i, J€
m,n € N. Busnaunmo dyuxuio f: X — [0, 1] dopmyoro

f (:L') = sup t= inf "
teQq,zelUy teQ2,2¢ X \U
Hosenevo, mo f — wenepepere. s josinbroro inreppay (a,b)

PO3TAAHEMO TOCHII0BHOCTI a; — a, b; — b, a;,b; € Qg, a < a; <
bi < b. TOI];i

[e.9] o0

£ asb) = (e b)) = 7 AJ 000\ [0,ai]) =

i=1 =1

[e.9]

(0.6 \ S0, ai]) = (J (U, \ Uay).

=1

|
3

Il
-

(2

Taxuwm arHOM, TPOOOPA3 JOBITLHOTO BIIKPUTOTO iHTEPBAJTY € Bijl-
KPUTOK MHOXKUHOK. AHAJONIYHO MOKA3YETHCs, IO MPoobpaz 1o-
BULIBHOT BifKpuTOl MHOXKUHE Bimkputuit. Tomy Bimobpaxkenusa f
HEIlEPEPBHE.

Jocmamuicme. U = f71([0, %)),V = f71((3,1]). O

Teopema 3.6 (Tirme—Ypicon). Hezati X — nopmaavruut mo-
noaoziwnuti npocmip, A C X — samrnena nidmuoocuna. Axugo
f: A = R — nenepepsna dynruin, mo ichye nenepepena Gym-
ki g: X — R maxa, wo gla= f.

Bopasa 3.20. [losectu, mo AucKpeTHUl Ta METPU3OBHUI MPO-
cropu € Tg, Tq,i To-mpocTopammu.

Bnpasa 3.21. Jlosectu, mo Tpusiaabhuii npocrip (X, 79) He
6yne To, Ty am Ta-ipocropom, ko |X|>1.

Bnpasa 3.22. JTosectu, mo npocropu (X = {z,y}, 7 = {0, {z}, X})
i (R,7+ ={(a,+00)| a€R}) Ty, ane ne To-mpocropu.
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Bnopasa 3.23. Hosectn, mo MHOXKIHU Z, R 3 KOCKIHYEHOIO TO-
moJiorieto € me raycaopdosumu Ti-npocropammn.

Buopasa 3.24. Hexait f, g: X — Y HenepepsHi BijobparkenHs
i Y Ta-npocrip. Josectn, mo muoxuna {x € X| f(X) = g(X)}
€ 3aMKHEHOO.

Bnopasa 3.25. /losecTn, 1mo yMOBY iCHYBaHHS JBOX BIIKPUTHUX
MHOXKHWH B akciomi Ty MOXKHA 3aMiHUTH Ha YMOBY iCHYBaHHS BiJ-
kpurol MHoxunau Uy g taxoi, mo A C UapiUapNB = 0.

Bopasa 3.26. /losectu, 1110 KOXKHII HOPMAaJIbLHUH TPOCTIP € TH-
XOHOBUM, KOXKHUP TUXOHOBUN — PEryJIdpHUM, KOXKHUN Deryiadp-
HE# — TaycaopdoBuM.

Bnopasa 3.27. Hasectn npukiaj 1y-rpocTopy, B SKOMY 2KOJTHA,
OJIHOTOYKOBA MHOXKWHA HE 3aMKHEHa.

Buopasa 3.28. Jlosectn, mo B T1-npocropi Oyab-sIKa, MHOKIHA, €
MEPETHHOM JEeAKOl CiM'T BIIKPUTAX MHOXKHH.

Bopasa 3.29. losectu, mo Oyub-sikuil mignpoctip 11-upocropy
e T1-TpocTOpPOM.

Bopasa 3.30. Hexait 71 i T3 - aBi Tonosiorii Ha ojuiii 1 Tiii xKe
muoxkuHl X, mpuaomy 71 C To. Hdosectn, mo axmo (X, 7T1) - 13-
mpoctip (Th-tipoctip), To i (X, T2) - Ti-npocrip (Ts-mpoctip).

Buopasa 3.31. [losectn, mo Oyab-akuit JiHIHHO BOOPSAIKOBAHIN
TOIOJIOr uHul nPOCTip Oyie raycaopdoBuM mpoCcTOpOM.

Bupasa 3.32. Hasectu npukiaz seraycaopdoBoro 11-mpocTopy.

Bupasa 3.33. Hasectn npukiaz raycnopdoBOro mpocTopy 3i
3/1i9eHHO0 06a3010, B AKOMY JIOBiL/IbHA 3aMKHEHA MHOXKUHA He Hy1e
TMTePEeTHHOM BTIYEHHOT CiM'T BIAKPUTHX MHOXKWH.
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Bnopasa 3.34. Hexait X e Ti-nmpocTopoM, x-TpaHHYHA, TOUYKA
muoxuaun A C X 1 U - gosinbauit oxin rouku x. dosecrtu, 1o
muoxkuHa U (| A HeckingeHHA.

Bnopasa 3.35. losectu, mo B T7-TpocTOpi MHOXKWHA BCiX I'pa-
HUYIHUX TOYOK JTOBLIHHOT MIMHOXKNHN 3aMKHEHA.

Bopasa 3.36. Hexait X - raycnopdosuii mpoctip, B akoMy 0yab-
dKa miaMHOoKIHA abo BinkpuTa, abo 3aMkrHeHa. /loBecTn, 1110:
a) B X He MoxKe icHyBaTH Oibie ofHie] TPAHIIHOT TOYKH;
6) AKIIO T - TPAHUYHA TOYKA, TO JJIsl JIOBLIBHOT TOYKK Y # X
muoxkuHa {y} BiAKpuTA.

Buopasa 3.37. Hosecrn, 1m0 0yab-gaKuil METPHUIHKN IIPOCTIP Ta-
yeaopdoBmii.

Bopasa 3.38. Hosectu, mo Ti-upocrip X Toai i Tisbku 1O
peryagpHuii, Koau g A0BLIbHOI Toukn & € X 1 J0BiIBHOT 3a-
MKHEeHOT MHOKIHET A C X, 1110 He MICTUTH TOYKY T, iCHYy€ Takmii
okin U Touxn x, mo U (A = .

Bopasa 3.39. Hosectu, mo Ti-upoctip X Toai i Tisibku 1O
peryiasapHuil, Koju jyid 10BiibHOro 0Koay U 6y/b-gK0l TOYKH & €
X icmye Takuit okin V toukm z, mo V C U.

Bopasa 3.40. /Tosectu, 1110 B 03HAYMEHHI PETIYJISIPHOIO HPOCTOPY
akciomy T moxkua 3aminuTty Ha Ty. Yu BipHe 116 TBEPKEHHS /T
HOpPMaJIbHUX IPOCTOPIB?

Bupasa 3.41. Hapectu npuxsiag rayciopoBoro HEperyaspHOro
ITPOCTOPY.

Bupasa 3.42. Hasecru npukiaj asox tomoJsioriit 71 1 7o Ha
OTHIT MHOYKUHI, 3 aKUX 71 - peryagpua, To - Heperyaspra i 71 C

Ta.

Bopasa 3.43. Hasectu npuxsan peryasipHOro, ajge He ILIKOM
PETYJISTPHOTO TIPOCTOPY.
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Buopasa 3.44. loBecTn, mo 6yab-sIKMil TiATPOCTIP PETYISIPHOTO
(MOBHICTIO PETYISIPHOTO) TIPOCTOPY PEryagpHuil (MOBHICTIO pery-
JSPHNIT).

Bnopasa 3.45. [loBecTn, 1110 TOTYKHICTH TTOBHICTIO PErYASPHOTO
3B’SI3HOCO IPOCTOPY, M0 MICTUTDL OijibIlie OAHIET TOYKM, HE MEHIIE

TOTY>KHOCTI KOHTHHYYMA.

Bopasa 3.46. Hosectn, o 7' -npocTip HOpMaabHUHM TOMAL 1 TiTb-
KM TOJIi, KOJIU Jijisl JIBOX JIOBLIILHUX MO0 3aMKHEHUX I MHOXKUH
A i B, 1m0 He mepeTHHATHCA, iICHYe Takuii okija U MHOKUHU A,

mo U B = 2.

Bopasa 3.47. Hosectu, mo Ti-upoctip X Toai i Tisbku 1O
HOPMAJILHUH, KOJIU 171 Oyab-gaK0T 3aMkHenol Maoxwan A C X i
JTOBLIRHOTO Horo okoty U icHye Takuit okin V mHOXKWHE A, 110

VcUuU.

Brpasa 3.48. Jlosectn, 1o 3aMKHEHHI TATPOCTIP HOPMAJTHLHO-
I'0 IIPOCTOPY € HOPMAJILHUM IIPOCTOPOM.

Bopasa 3.49. Hasectu npukjiaj MOBHICTIO PEryjgpHOTO IIPO-
CTOpPY, KUl HE € HOPMAJLHUM ITPOCTOPOM.

Bopasa 3.50. loBectn, 1o HOpMAJBLHUN TPOCTIP TMOBHICTIO pe-

IYJIIDHUT.

Brpasa 3.51. Hosectu, o T}-TIpocTip, €1uHa TOYKA SKOTO HE
1301b0BaHA, € HOPMAJTBLHUM TTPOCTOPOM.

Bopasa 3.52. Hexait X - raycmopdosuii npocrtip, B SKOMY MHO-
JKWHA, HeI30IhOBAHMX TOUOK CKingenna. Josectn, mo X HopMaIh-
HUI TPOCTIp.

Bopasa 3.53. Yu gosinbanit 3aigennunii raycaopdosuii mpocTip
HOPMAJILHUH?
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Bopasa 3.54. [loBecTn, mo peryagapHUil TPOCTIp 31 3iUeHHOI0
0a3010 HOPpMAJIBLHUIA.

Bopasa 3.55. Yu € 3aivennuit peryaspauil IpocTip HOpMaJIb-
HUM OPOCTOPOM?

Buopasa 3.56. osectn, 1mo o6pa3 HOPMAJILHOTO IPOCTOPY IIpH
HEMEPEPBHOMY 3aMKHEHOMY BioOpakeHHI € HOPMAJIbHUM IIPO-
CTOPOM.

Bupasa 3.57. [Hosectu, mo Torosoriunnii 106yToK Oy/1b-siKOl
MHOXKMHH TTOBHICTIO PETYJISIDHUX OPOCTOPIB IMMOBHICTIO peryidap-
HUN.

Bopasa 3.58. Hexait X - mMHOXKWHA BCIX JIMCHUX YUHUCEJS 3 TO-
oJI0Ti€10, Ha3rcoM AKOI € CiM’st BCIX HAMIBBIAKPUTHUX iHTEPBAJIIB.
IMokazarw, mo X - HOpMabHUN MPOCTIP, & TOMOJIOriuHMi 700y-
ToK X X X He € HOpMaJbHUM ITPOCTOPOM.

Bopasa 3.59. Hexait gns 3amxsaenwmx nigmuoxubn A 1 B, 1o
He NEPETUHAIOTHCS, TOMOJOTiYHOTO npocTopy X icHye dyHKId
Vpicona. Jdosectu, mo muoxkuuaun A i B micTars B X OKOJH, IO
HE MePeTHHAIOTHCH.

Bupasa 3.60. [losectu, 1o juist 6y/ib-siKOl 3aMKHEHOI I IMHO-
KUHU A HOpMaIbHOTO pocTopy X 1 JoBlabHOTO 0Ky U MHOXKU-
Hu A icHye Take HenepepsHe Bijnobpaxenus g : X — [a;b], a,b €
R, a # b, mo

(z) = a, GKImo x € A,
L= b, skmo z € X\U.

Bopasa 3.61. Jlosectu, mio 6yab-gKkuii METPUIHUIHI TPOCTIP HOP-
MaJIbHUHA.

Bopasa 3.62. Jlosectn, mo HOpMAJIBHAE TPOCTIP 31 3/HiYeHHIM
faszncom MerTpusoBanuii (Teopema Ypicona).
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Bupasa 3.63. Ilinvuoxkuna A Tomosorigroro mpoctopy X Ha-
3MBaeThCA (DYHKIIOHAILHO 3aMKHeHoIo0, akmo A = f~1(0) ma
pesgkoro f : X — J. ligmaoxkwura B TOMOJIOTIYHOTNO TPOCTO-
py X Ha3uBaeTbCs (DYHKIIOHAILHO BiAKPHUTOIO, SIKITO MHOXKHHA
X\ B dyHukiionaasHo 3amKHena. JlosecTtn, mmo:

a) sniuenne o6’eHarHS (DYHKIIOHATHHO 3aMKHEHUX MHOKUH
MOKe He OyTu PYHKIIOHAIBHO 3aMKHEHOIO MHOKIHOO;

6) o6’ennanHst DYHKIIOHATHHO BIIKPUTHX MHOXKHH MOYKE HE
6yt OYHKIIOHAJIBHO BiJIKPUTOH MHOXKWUHOIO.

3. KommmakTHI mpocTopu

Osuauenns 3.6. loxpummanm minvuo)uHE A npoctopy X Ha-
suBaeThed civ'g {U; C X4 € S} raka, mo A C |J;c g U;. llokpur-
T HA3UBAETHCS 8idKpumum, AKito Bl U; - BIAKPUTI, 1 crinuenum,
AKINO S CKIHYEHA MHOXKUHA.

dxmo T C S, To mincim’s {U; C X: i € T} nasuBaeThCs
nidnoxkpummam nokpurrs {U; C X: i € S}, axumo BoHa cama €
MOKPUTTAM A.

Oznauvennda 3.7. MuoxxnHa A HABUBAETHCS KOMNAKIMHON, STKITO
JIOBLIbHE 11 BIIKPUTE MOKPUTTH MICTUTH CKIHYEHE MiIITOKPUTTS.
Tomostoriunmit TPOCTip KOMIAKTHWI, IKIO BiH KOMIIAKTHUH B CO-
01 9K MiIMHOXKHIHA.

Teopema 3.7. Hezati X — monosoziunud npocmip, A C X. A
€ Komnakmnorw 6 X MHONICUHOW Todl Ta TisbKY Todil, KoAU
nionpocmip A 3 THOYKOBAHONW MONOAOZIEI € KOMNAKMHUM.

Josedenns. Heobxionicmo. Hexait A — kommakraa muoxuna, {V; tica
— BiKpuTe MOKPUTTA A B IHIYKOBaHIH TOTOIOTI. 38 03HATYECHHAM
TATPOCTOPY, Ad KoxHoro V; icuye Bingkputa B X MuOoXKUHA Uj
raka, wo V; = U; N A. Toni {U;}icq Binkpure 8 X nokpurrs A.
I3 kommaxTHOCTI A BUTLIMBaE iICHYBAHHS CKIHIEHOTO T ITOKPUTTS
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Ui,...,Uy. 3Bigku maemo, mo {V; = U1 NA,...,V, =U,NA} -
ckinuene mignokpurts s {V;}tica.

Hocmammnicms. 3a anajorien 3 HeoOXiIHICTIO, 3 ICHYBaHHS
ckinueroro uignokpurrs jist {V;}ico BUILIMBAE iCHYBaHHS CKiH-
vyenoro nignokpurrs s {U; biea- O

Teopema 3.8. Hexatli X — xomnaxmuut npocmip, A — samrnena
6 X mnooicuna. Todi A xomnaxmna.

Josedenna. Hexait {U;}icq — Binkpure B X nokpurrsa A. OcKiab-
ku muOkHHA X \ A Binkpura, 1o {X \ A, U, }icq — BiakpuTe 10-
kpurrd X. I3 komnakraHocri X BUIJIMBA€E ICHYBaHHS CKIHYEHOI'O
mignokpurTs. fkimo BoHo micturh MHOXKHHY X \ ATO BuIyUn-
MO i1, & SIKIT0 HE MICTUTh — 3aJUIUMO MiINOKPUTTs 6e3 3MmiH. B
pPe3yAbTATI OTPUMAEMO CKIHYeHe M AMOKpUTTS st A. O

Teopema 3.9. Hexati X — 2aycdopgie npocmip, A — komnaxmma
6 X muooicuna. Todi A samrnena.

Josedenna. Ilokaxkemo, mo muoxuua X \ A — Biakpura. /g
nosiabaOl Toukn x € X \ A Ta KoxKHOI ToukEm y € A, 3a akcio-
Mmoo Tg, ichytors Bigkputi okosn UY(x) Touku x ta U(y), mo ne
nepernratorscs. Toai {U(y)}yea — BiAKpuTe MOKPUTTS KOMITA-
KTHOT MHOXKWHE A. 3 KOMIAKTHOCTI BUILTHBAE ICHYBAHHS CKiHYIe-
uoro mianokpurta {U(y1),...,U(yn)} (A C U, U(y;)). Hlokmna-
aevo U(x) = U% (x)N...NUY(x). Toni U(x) — okin Touku = i
U(z) NU(yi) =0, (1 < i < n). Tomy U(z) NUZ,U(y;) = 0, 3Bin-
ku U(x) N A =0, mo pisrocmibre U(z) C X \ A. 3a kpurepiem
Bigkpurux muoxun, X \ A Bigkpura, a orxe, A 3avMxnena. [

Teopema 3.10. Hexati f : X — Y — nenepepsue sidobpascenns
komnarmmozo npocmopy X. Todi obpas f(X) xomnaxmnui ¢ Y.

Jlosedenns. Hexait {V;}icq — J0BlIbHE BiKpUTE TOKPUTTS MHO-
wuan f(X). 3 wmenepepsuocti f mummmsae, mo U; = f~1(V;) -
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Bigkputi B X. Tomy {U;}icq — Bimkpure mokpurtst X. Cropu-
CTABIMNCHh KOMTAKTHICTIO X 3HAXOAWMO CKiHUYEHE MiIIMOKPUTTS
Ui,...,U,. Toxi #ioro obpas Vi,...,V, € ckindenuMm mmiamokpu-
rrsm it f(X). O

Teopema 3.11. Hxwo f: X — Y — g3aemno-o0nosnayme nene-
pepsne 61000pascents Komnaxmmozo npocmopy X Ha eaycdopgo-
suti npocmip Y, mo f ¢ comeomoppizmonm.

Hosedenna. 3a ymoBamu Teopemu Binobparkennsi f GieKTUBHE Ta
Hemepepsre. Jlsg romeomMopdizMa 3aMUNIIOCH TEPEBIPUTH Te,
o obepHerHe BioOparKeHHs € HEMEPEPBHUM, IO B HAIOMY BH-
MaJKA O3HAYAE BIAKPHUTICTL ab0 3aMKHEHICTH Bimobpaxkennda f
(0bpasm 3aMKHEHHX MHOXKHWH 3aMKHeHi). Hexait A — 3aMkHeHA B
X wvmoxuna. Toxi 3a Teopemoro mHOkMHA A KoMmaxkTHa. 3a
TEOPEMOIO f(A) xkomnakrHa, a 3a Teopemoro [3[ f(A) 3amxHe-
Ha. 0

Teopema 3.12 (Komnakrhicts Bigpiska). Bidpisox [0,1] € xom-
NAKMHUM.

Jlosedenns. Hexait {Uy }aca — MOBiIbHE BiAKPUTE MOKPUTTS Bijl-
pizka [0, 1], To6ro [0,1] C J,eq Ua Ta xOXKEE U, Binkpure B R.

Ioknamemo S := {x € [0,1] | [0,2] MoxKHA HOKPUTH CKiH-
YeHHOIO KiNbKicTio MHOKIH 13 {Up }aca }-

Iokaxkemo, mo S Henopoxkus. Ockiapgn 0 € [0, 1], icaye Uy,
3 0 € Uy,. Yepes Binkpuricts Uy, icaye € > 0 Taxe, mo [0,¢] C
Uqy- Toni ps 6yap-sikoro o € (0, €] Bigpizox [0, x] mokpusaeTbes
onniero MHOKUHOIO Uy, TOX ¢ € S1 .5 # .

Muoxkuta, S obMex)eHa, 3BEpXy UHCIOM 1, OTXKe iCHye § =
sup S € [0, 1]. ITokaxkemo, mo s = 1. [lpunycrumo npoTuieKue:
s < 1. Ockineku {U,} moxpusae [0,1], icuye Ug, 1m0 MicTuTh S.
Yepes sinkpuricrs Ug icuye 0 > 0 3 inrepsaiom (s — 9§, s +9) C
Us.
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I3 BusHauenus cynpemyma icuye x € S Take, 10 § — g <x<
s. 3a osnagennsam S Bigpizok [0, z] Mae ckindenue miAmOKpUTTA
{Uay, ..., Uq,, }. Tomi o6’eqnanns {U,,,...,U,,,, Ug} mokpuae

0,2] U (s—6,s+38) D [0, s+ 3]

Bokpewma, Bimpizok [0, y] i3 y := min{l, s+ %} TAKOXK IMOKPHUBAE-
ThCs CKIHYEHHOIO KIABKICTIO MHOXKHMH 3 HAIIoro mokpurrd. Orxke
ye S Aney > s (603—&—% > s 1 Mm npunyctuim § < 1), mo
CYTIepeUnTh BU3HAYEHHIO s = sup.S. OTpuMaJju TpoTupiads, ToxK
MycuTh 6yTH § = 1.

Orxke 1 € S, TobTO icHye ckindenne mimmokpurts as [0, 1].
Ockinbku Bubip nokpurts Oys moBiabhuM, [0, 1] € KOMIaKTHUM.

O]

Teopema 3.13 (Tuxonosa). Tonosoziwnui dobymox 06ox KoM-
NAKMHULT NPOCMOPIE € KOMNAKMHUM NPOCTNOPOM.

Josedenna. Hexait (X, 7x), (Y, 7y ) — kommakTai mpocropu, {W; }ica
— Bigxpure nokpurta X X Y. Ockinsku koxxne W; = UpU; . X V; i,
Uik € 7x,Vig € |1v) , 10 {U; o X Vi  }i ), TAKOXK BiAKpHTE IOKpPU-
Trs (MOKpUTTA 106yTKaMn). [cHYBaHHS CKIHIEHOTO ITiIITOKPHTTSI
JUI JOBLIBHOTO BIAKPUTOTO TMOKPHUTTS PIBHOCHIHLHO iCHYBAHHIO
CKIHYIEHOTO MOKPUTTH JIJIsi TIOKPUTTIB M00yTKaMu (IMOKPUTTS J10-
OyTKaMu € 9aCTKOBUM BUIAJKOM 3arabHOTO, & TKINO iCHYE CKiH-
YeHe MATOKPUTTS JIJIsi TOKPUTTS JT00yTKAME, OTPUMAHOrO i3 3a-
raJIbHOTO MOKPUTTS, TO 3aMIHUBIIN JOOYTKHU IHOTO I JITOKPUTTS
Ha W, mo ix MicTgTh, OTPUMAEMO CKIHYEHE MiIMOKPUTTS ).

Omxe, Haganai Beaxkaemo, mo W, = U; x V;. Hexaii x € X.
Posrisnemo muoxkuny, {x} x Y, mo romeomopdua Y i Tomy €
KoMnakTHOW0. Ti MEHOXKUHEN 3 W; = U; X V;, gKi nepeTuHaOTHCA 3
{z} X Y yTBOpPIOWOTH Ti CKiHYEHE BIIKPUTE MOKPUTTS, JJIsI TKOTO
icuye ckinuene ninnokpurra {UF x V¥, ... U x V1. Tloznauanmo
U(x) =UiN...NU, — BiakpuTuii oKig T0YK" T.
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IIpoBememo Taky moOymoBy mjst Koxkuol Toukm = € X. Tomi
{U(2)}rex — Binkpure nokpurrs npocropy X. 3 KOMIAKTHOCTI
X Bunmsae icnyBannst ckinaenoro nignokpurts {U(z1), ..., U(xg)}-
s koxkuaoro U(x;) i3 MpOTO HiANOKPUTTS, 32 TTOOYI0BOO, iCHYE
ckinvene wmcno pobyTxie U;* x V™, mo moxpusators U(z;) X Y.
Orxe, {U;" x V"' }; ; — cxinvene nignokpurrs X x Y. O

Teopema 3.14 (Teitne-Bopens). . Hexati A C R™. Muoowcuna
A Komnaxmua modi ma misvku modi, KoAU 60HA 3AMKHEHAE A
obMmedIcena.

Hosedenns. Heobxionicmo. dximo A KoMIaxTHa, TO 3aMKHEHICTh
BuiLnBaE i3 raycaopdosocti R™ i reopemu ObMexkeHiCTh [10-
BeJIEMO METOIOM Bij| CynpoTUBHOTO. Poszryisaemo nokputts A Bij-
KPUTHMH KyJAsMHU 3 TlenTpamMu B Toukax A i pagiycy 1. Ckinuene
TMATOKPATTST € OOMEXKEHUM, 3 JOT0 BUILTHBAE OOMEXKEHICTh A.
Orpumana CynepedHicTb JOBOIUTH HEOOXIAHICTS.
Hocmammnicms. fxmo muoxuaa A obMeykera, TO BOHA, 0OMe-
JKeHa 110 KOXKHil koopanaari. ToMmy MoKHA Tak HigibpaTn crcTe-
My xoopaurar, mo A C I™ (I=]0,1]). 3a reopemoro [3.12] Binpizox I
— KOMITAKTHHIA, & 38 TEOPEMOTO Ky0 I"™ — xomnakTauii. Tomy
MHOXKHUHA A KOMITAKTHA, K 3aMKHEHA T IMHOKITHA KOMITAKTHOT'O
ITPOCTOPY. O

Osnauenns 3.8. Komnaxmudgirxayicro mpoctopy X Ha3HMBAETHCS
napa cX = (Y, ¢), ne Y - kommaxtauii raycaopdosuii mpocTip, a

c¢: X =Y skaagenns take, mo ¢(X) =Y. dkuio ponosuenHs
Y'\¢(X) cknagaerses 3 ofniel ToUKN, TO KOMIAKTHDIKATIS HA3H-
BAETLCA OTHOTOYKOBOI a00 KOMIAKTUMIKAIIEI0 AJTEKCAHIPOBA.

O3zuavennst 3.9. Tonosoriaanit TPOCTIP HAZUBAETHCS AOKGADHO
KOMNAKMHUM, ICHYE KOMITAKTHUN OKLIT.

Teopema 3.15. 4 40KAADHO KOMNAKMHO20 2aycdopdo6020 He
KOMNAKMH020 npocmopy X icHye 00HOMOYK06G KOMNAKMUPIKa-
ULA.



3. KOMIIAKTHI IIPOCTOPH 75

Josedenna. s npocropy (X, 7x) nokmamemo YV = X Uw, 1e
w ¢ X — Touka.

v =T, U{fwU X\ A| A— xomnaxkrHa B X }.

s MOBLAIBHOTO BIAKPHUTOTO MOKPUTTS Y ICHYyE BIAKPHUTA MHO-
xkKuHa Ug, o MicTUTh w. Perrrra MHOXKWH IBOTO TTIOKPUTTS € BiJl-
KPUTUM TOKPUTTAM KOMIAKTHOI MHOXUHU A. st HBOrO icHye
CKiHYeHEe MATOKPUTTA, dKe pas3om 3 Uy € CKiHdenuM i amokpuT-
TaMm Y.

Hnsg noBejeHHs 1ayciopdOBOCTI PO3IJISHEMO BHUIIAJI0K, KO-
JIM OJIHA 3 TOYOK € w, a iuma Hexait x € X. 3a JIOKaJbHOK
koMuakTHocTio B X icuye komuaktHuil okin U roukm z. Toui
V =wUX\U € okonom w B Y. 3a nobyrosoto, U NV = 0.

Jlst 1BOX Pi3HUX TOYOK, IO HaJEXKATh X ICHYIOTH 1X OKOJIH,
1110 HE TePeTUHAIOTHCA. BOHN K OyayTh MIYKAHUME OKOJIAMU ITUX
TOYOK B Y. O

Buopasa 3.64. fxmo (X, 7) — HeKOMIAKTHUI TPOCTIP, TO MOKJTa-
nemo Y = X Uoo, 11e 00 - TOUKa, 10 He HATEKUTh X, Too = TU{UU
oo: X\U komuaxrthe B X }. JToBecru, 1o Too- TOmOJIOrIS Ha Y i,
armo X - raycopdoBuil TOKAIBHO-KOMITAKTHUH TPOCTIP (KOXKHA
TOYKa Ma€ KoMnakTHuil okin), o (Y, ¢) - kommakTudikaris X,
e c: X — Y - marypaJsibHe BKJIQJIeHHA.

Buopasa 3.65. osecru, 1o BCi OAHOTOYKOBI KOMIAKTHQIKAIIL
roMeoMopHi.

Brpasa 3.66. /losectn, mo axmo w = {0,...,1}€ S ¢ R*H1
p: S"\w — R™ crepeorpadiuna mpoekis (¢(X) 1me Touka me-
pPeTHHY MPOMEHS WX 3 KOOPJAMHATHO ILIOIMHOI Tyi1 = 0), TO
(S™,0') € ogHoTOUKOBOIO KOMTaKTH(DIKaIieto mpocTopy R™.

Brpasa 3.67. Hosectn, 1110 KOMTIAKTHHUH TPOCTIP 3 AUCKPETHOIO
TOTIOJIOTIE€I0 CKIHYEHHUT.
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Bopasa 3.68. losectn, mo mpoctip X KOMITaKTHUH TO 1 TiTb-
KW TO[Ti, KOJI KOXKHE TIOKPUTT IPOCTOPY X e/IeMEHTaMu JeIKOT0
fazucy MiCTUTH CKiHYEHHE TiIMOKPUATTSI.

Bopasa 3.69. [losecTu, 1m0 mpocTip TOmAL 1 TIIBKA TOMI KOMITa-
KTHU, KOJIU JJisg OYy/b-gKOl HOro HEeCKiHYEeHHOI MHOXKHHU iCHYE

TOYKa IIOBHOI'O HAKOIIMYCHHS.

Bopasa 3.70. losectu, 1110 B JIOBLIbHOMY HECKIHYEHHOMY KOM-
MMAKTHOMY ITPOCTOPI ICHY€E 3JiYeHHa He3aMKHEHA MHOXKMHA.

Brnpasa 3.71. Jlosectu, 110 Bigpizok [a; b] € komnakTHOIO B OB
M IMHOKIHOIO B R,

Buopasa 3.72. /loeectn, mo migMuaoxK#uHA B R™ KoMIakTHA TOII
1 TIIBKHU TOJIi, KOJIU BOHA 3aMKHEHa i 0DMexKeHa.

Bnopasa 3.73. loBecTn, o He3aMKHEHUI MTAMPOCTIP Taycaop-
¢oBOrOa IPOCTOPY HE € KOMIIAKTHUM ITPOCTOPOM.

Bopasa 3.74. Jlosectu, 1110 HEMOPOXKHS KOMITAKTHA MHOXKWHA B
R! MicTHTE CBOIO TOUHY BEPXHIO i HUKHIO I'DAHb.

Bopasa 3.75. /loBectn, 110 epeTnn 6yab-s1K01 CiM'T KOMITAKTHAX
MHOYKHUH € 33MKHEHOTO 1 KOMITAKTHOIOM MHOXKHWHOTO.

Bropasa 3.76. HapecTn TpuKJaJ TOMNOJOTITHOTO ITPOCTOPY, B
AKOMY IIEPETUH JICAKNX ABOX KOMIIAKTHUX MHOXKMH HE€ € KOMIIa-

KTHOIO MHOXKITHOIO.

Bopasa 3.77. HaBectu mpukiam TOMOOTIYHOTO TPOCTOPY, B
SIKOMY 3aMUKAHHS JIETKOT KOMIAKTHOI MHOXKUHN HE KOMIAKT.

Bopasa 3.78. [oBectn, mo /11 ZOBLTBHOI HEI30ILOBAHOI TOUKHN
2 KOMITAKTHOTO raycnopdgororo npoctopy X iCHYE Taka MHOXKWHA
A C X, o T € €1UHOI0 TOYKOIO [TOBHOI'0 HAKOIMMYeHHs Ajst A.

Brpasa 3.79. JloBecTn, 110 KOXKHA, 3B’13Ha, KOMITAKTHA, MHOXKH-
wa B R! abo mopoxus Muokuua, abo TouKa, abo Bipizok.
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Bopasa 3.80. Hexait Y = {A, : a € M}, ne koxue A, -
KOMITAKTHA TIMHOXKHUHA B IEIKOMY TayCcaopdOBOMY IpOCTOPi i
nepeTuH OyIb-gaKO1T CKingeHHol cim’i esiemenTin 3 Y 38 a3unii. o-
Bectu, mo MHOXKHHA () A, 3B's3HA.

a eM
Bopasa 3.81. Hapectn mpukiazm 3B’sI3HOTO, aje HEIOKAIBHO
3B’13HOr0 TaycA0PdOBOro KOMIIAKTHOTO TPOCTOPY.

Buopasa 3.82. Hexait X - 3p’a3unii raycnopdosuii mpocrip, A
1 B - He TOpOXKHI 3aMKHEHI B HHOMY MHOXKWHH, 0 HE TEepPEeTH-
Harorbest. Jlosectn, mo icHye komnonenTa muoxkuau X \(A(J B),
BaMUKAHHS KO mepeTnHaeThest 3 A 1 B.

Bopasa 3.83. Hosectn, 1o Oyab-aka HemepepsHa mificaa dhyH-
KI[ig Ha, KOMIIAKTHOMY TIPOCTOPi 06MeXKeHa 1 10cATae CBOTX TOIHUX
BEPXHIX 1 HUXKHIX I'paHeii.

Bopasa 3.84. Hosectn, mio miiicHa BCIOAN A0aTHA (DYHKITIST HA
KOMIaKTHOMY mpoctopi X Bigasena Bif Hyss (To6To icHye Take
e>0,mo f(x)>¢e qmascix x € X) .

Buopasa 3.85. Jlosecru, mo BimobpakeHHdA IPOEKTYBAHHS DIy :
X XY — X 3aMKHEHe, dKIIO Y — KOMIOAKTHUN TPOCTIP.

Bopasa 3.86. losectu, 110 m0BiIbHA HEEpepBHA (DYHKINA HA
TOMOJIOTTYHOMY J100yTKY Oy/ib-sIKOT CiM’T KOMITAKTHUX raycaopdo-
BUX IIPOCTOPIB 3aJI€2KUTh BiJl 3/II4EHOTO YHUCIA KOOPAUHAT.

Buopasa 3.87. /loBectn, 1110 KOMIIAKTHHUH raycaopdoBuit mpocTip
MEeTPU30BAHUHI TOI 1 TIMBKU TO/Ii, KON BiH Mae€ 3TideHHy 6a3y.

Buopasa 3.88. /lopectn, 1110 KOMIIAKTHHH raycaopdoBuii mpocTip
HOpMAaJILHUM.
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4. Muaorosujan

Hokmagemo R} = {(z — 1,22,...,2,) € R"|z, > 0}.

Osnauenns 3.10. Tonosoriuamii mpoctip M HazwBaeThest (TO-
MOJIOTTYHUM ) MHOTOBHIOM PO3MIPHOCTI 7, SIKIIO:

1. M — raycmopdis mpoctip (15t 6y1b-9KMX JBOX TOUOK ICHY-
I0TH X OKOJIN, IO He TEePEeTHHAIOTHCH);

2. M zanoBoabusi€ apyriit akciomi 3iaiuennocti (icnye 3sivena
6aza);

3. M — jokaapHO eBKJIB (/1T OY/Ib-IKOT TOUKY iCHYE OKiI
_ i . n
romeomopduuit Bigkpuriit Muoxkuuai YR ).

Ocranmi 1BI yMOBE MOKYTH OyTH 3amimeHi OHOI — icHye
Take 3jidenne mokpuTTs {U;} pocropy M BIAKPUTHMU MHOMKMN-

Hamu U;, 10 KoxKHa U; € TOMEOMOP@HOIO BIAKPUATIH IIiIMHOKAHI
n
R%.

Osznauennsa 3.11. Ilapu (U;, h;), ne h; — romeomopdizm U; B R}
Ha3UBAOThCA Kapmamu 1as M; civ'a {(U;, h;) }, 10 TOKpHUBAIOTH
M, nazuBaeTbca amaacom. Bimobparkerua h; 3a1a€ A0KaAbHY CU-
cmemy Koopdurnam (X1, ..., Ty): KOXKHI TOUI p € U; CTABAATHCS
y BimnosigmicTs xkoopaunaTu Touku hi(p) € R .

Osnavenna 3.12. Meowcero muorosuga M HA3WBAETHCS MHOXKH-
Ha T090K OM C M, mo x € OM, axmo icaye kapta (U, h), h :
U — RY B rouni x, B akiii x,(h(x)) = 0. fkmo Mezka MHOroBuIa
M € MOPOKHBOIO MHOXKWHOIO, TO KaxKyTh 1m0 M — muorosus 6e3
mexi. JTonosuennst M\ OM HasuBaeThCsl 6HYMPIUHICTIO MHO-
TOBHUJIA.

Osnauvennda 3.13. 3amknenum MH0206U00M HAZABACTHCA KOM-
TMaKTHWH MHOTOBUI 6€3 MeKi.



4. MHOI'OBHIM 79

Teopema 3.16 (mpo HesiBHY (DYHKIIIIO 17151 MHOTOBUIB). Hezat
6 npocmopi R™ zadano cucmemy pisHAHb

fi(z1,..,xn) =0,0=1,...;m, (3.1)

de f; — enadri pynryit 1 M — mmoocuna poss’sasxie yici cu-
Ofi
ox;
dopisnroe k, mo M e mnozo6udom posmiprocmi n — k.

cmemu. HAxuwo pane mampuuyt J = ( ) scr0du wa mroocuns M
Ipuknan 3.6. n-sumipra chepa S™ = {(z1,...,Tps1) : 23 +
...+:1:$L+1 —1 =0} e mHOTOBHIOM, OCKLIBKH J = (221, ...,2Tp41),

paur J gopisutoe 1 va S™, dimS"=n+1—-1=n.

IIpuknazn 3.7. Muoxnna marpuite M (n, k) 3 gificanvu eneven-
TaMH HAJILISIEThCS CTPYKTYPOIO MHOTOBH/LY 3aBJISIKA Bio6paskeH-
Hi0 i : M(n, k) — R,

i((aij)) = {a11, @12, ..., @1k, Q215 - - -, A2, - - -, Ak -

Brpasa 3.89. [losectn, 1o cdepa

n+1

S"={(x1, ey Tps1) : Z:UZQ =1}

i=1
€ MHOTOBU/IOM Ta, TOOyIyBaTu aTiac KapT JJjis Hel.

Bupasa 3.90. Josectu, mo gBouMipHmit Top 12 € MHOTOBHIOM
Ta TOOYIyBaTH ATJIaC KAPT JJid HBOTO.

Buopasa 3.91. Hosectn, 1o mificuuit mpoektuBHnii mpoctip RP™
€ MHOTOBHUJIOM Ta, TOOYAYBaTH ATJIAC KAPT /s HBOTO.

Bopasa 3.92. JlosecTw, 1110 KOMILIEKCHUH TPOEKTUBHUIN TTPOCTIP
CP"™ e mHOroBHI0M Ta IMOOYAYBATH ATJIAC KAPT JJIs HBHOTO.

Bunpasa 3.93. [osecrn, mo rpadgik My nenepepsaoi pyHxii f :
R — RV (M +f = {(21,72, s Tnt1) : Tt = f(21, T2, ., Tn)})

€ H—BI/IMipHI/IM MHOT'OBHUJJOM.
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Bopasa 3.94. Hosectn, mo A0BLIbHA BIAKpUTa miaMHoKuHa U
MHOTOBHIa, M € MHOTOBHIOM.

Bropasa 3.95. /loBecTn, 1Mo Tpymna He BUPOIKEHHX MaTPUIlHh
GL(n,R) ra rpyna cnenjiaabanx oproHOpMOBaHuX MaTpuis SO(n)
e MHOoroBuaMu. OGUnucInTH IX PO3MIPHICTD.

Bupasa 3.96. losectn, 1o sxito M — muorosum, a f: M — N
— romeomopdizm, To0 N — MHOTOBUT.

Bopasa 3.97. [losecTn, 1o gekapToBuii 706yTOK MHOTOBHUIIB €

MHOT'OBHIOM.

Brpasa 3.98. IlepeipuTH, gKi 3 TOBEPXOHDb JIPYTOrO MOPSJIKY €
MHOI'OBHJAMM.

Buopasa 3.99. YV 2n-KyTHHKY CKJICEHI (OTOTOXKHEHI) MApH CTO-
pin. Yu Oyie orpumanuil y pesyJibrari CKJENKU 1IPOCTip Kiacu-
YHOIO TToBepxHet?! $Kiio Tak, To unm Oyae BOHA OpPIEHTOBAHA Ta
[dK BU3HAUNTH 11 pimx?

Bopasa 3.100. [Tokazarwu, 1o KOKHa KJIACUTHA TOBEPXHS MOXKE
OyTu oTpmMaHa i3 MHOTOKYTHHKA 33 JOTIOMOTOI0 CKJICIOBAHHSIM
MizK c000I0 BIAIOBIAHUX Hap CTOPIH.

Bopasa 3.101. Illo 6yne, axmo guct Mnobiyca po3pizaru 1o
cepeauHiit inii?

Bopasa 3.102. Jlosectu, 110 KOXKHUNM MHOTOBHUJ € JIOKAJTHHO-
KOMITAKTHUM IIPOCTOPOM (KOYKHA TOUKA Ma€ KOMIAKTHUIT OKLJ).

Bopasa 3.103. /loBectu: MHOTOBU 3B s13HMI <—> BiH JIHIHHO-
3B A3HUIA.

Brpasa 3.104. Tlokaszaru, 1o Ha cdepi He MOXKHA BBECTH aT/IaC,
10 CKJIaIa€ThCA 3 OJIHIET KapTH.



4.CamocrTiiina podora

B upomy posnisi micTaTbesi 3aBAaHHS JJIs CAMOCTIHHOT poboTH,
IO BiTHOCATHCS 0 BCIX PO3JLTIB.

1.3aBaaHHY AJId CaMOCTiiiHOI poboTH’

Bnopasa 4.1. /g KoXXKHOTO 3 HACTYITHUX BUIAJIKIB BU3HAYUTH,
9¥M Ma€ MPOCTIp Z Ty CaMy TOIO/IOTIYHY BJIACTUBICTH, IO i TIPO-
cropn X Ta Y sximo mpocropn X Ta Y

a) To-mpocropm,
6) Ti-mpocropw,
B) Ta-mpocropu,
r) Ts-mpocropw,
1) Ty-mpocropm,
e) 3B's3mi,

€) ninifino 38’a3Hi,
) KOMTIAKTHI,

3) cenapabesbHi,

81
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1) MHOTOBU/IH,

a mpoctip Z mos’a3anwnit 3 mpoctopamu X Ta Y yMOBOIO

1. Z=XxY,
2. X =Y x Z,
3. ZCX,
4. X CZ,
5.7 =X/ ~,
6. X =2/ ~.

Y BunaIKy NO3UTUBHOI BiJIIOBiL, JIOBECTH 1€, & Y BUMNAJIKY HETa-
THUBHOI BIJTIOBI/I, HABECTH MPUKJIAT, IO 11 T ATBEPIKYE.

2.3aBJaHHY II1JIBUIIEHOI CKJIAJHOCTI

Bopasa 4.2. J/ToBectu roMeoMoOpdHICTH THXOHIBCHKOTO 10Oy TOK
JVCKPETHOI IBOTOYKN Ta KAHTOPOBOT MHOXKUHM: 2°° = K.

Bopasa 4.3. Hosectnn Teopema TuxoHOBa I TUXOHIBCHKOTO
IOOYTKY HECKIHIYEHOTO YMC/Ia MPOCTOPIB.

Bopasa 4.4. [dosectu Teopemy Titme-Ypicona.

Bopasa 4.5. Jlosecru, 1110 MHOTOBU/ M — HOPMaJIbHI TOIOJIOTTIHI
MPOCTOPH.

Brpasa 4.6. losectn, mo R? ta R™ e romeomopdui (n > 2).

Bnpasa 4.7. Jlosecru, mo B kBagpari [-1,1]x[-1,1] muax 3 (-1,
0) B (1,0) meperunae nursix 3 (0, -1) B (0, 1).

Buopasa 4.8. IlobynysaTy npuk/as IBOX He TOMEOMOPQHUX IPO-
cropie X ta Y, qaa skux icaytoTs HernepepsHi biekiii f: X — Y
Ta g:Y — X.



3. IIPUKJIAJI MOJYJ/IbHOI POBOTU 83

Bnopasa 4.9. /losectu, mo B R” 3aMKHEeHH] MHOXKWHH, 110 HE TIe-
PETUHAIOTHCH, MOXKYTh OyTH (DYHKIIOHAIBHO BiJIOKPEMJIEH] TUIa/l-
Koo DYHKIIIEI0.

Bopasa 4.10. osecrn, mo HenepepBHA OIe€KIig €BKJIIOBOTO
npocropy R™ e romeomopdizmom npu a) n = 1, 6) n = 2, B)
n > 2.

Bupasa 4.11. Hosectu, mo 6biexiisi mpocropy R”, st sikoi
006pa3 KOXKHOI 3B’ sI3HOT MHOXKUHHU 3B SI3HUIL, 1 Tpoobpasn 3B’ A3HNX
MHOKWH 3B’s13Hi, € romeomopdizmom npu a) n = 1, 6) n = 2, B)
n > 2.

3. IIpuknamx MoaybHOI podboTH
1. Ha mpawmiit R 3amana giBa mopsaakoBa TOMOJIOTIS
{(=00,a] | —0<a<+o0}.
IlepesipuTn, um 6ymae el TOMOJOTIYHIHA IPOCTIp
1. Ti-upocTopom,
2. Th-tipocTopoM,
3. Tz-mpocTopowm,
4. Ty-TIpocTOpOM,
5. 3B’S3HUM,
6. KOMIIaKTHUM,
7. cemapabebHUM,
8. 3 APYTOI0 aKCiOMOIO 3JIIeHHOCT,

9. niniitHO-3B’93HUM.
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Y 3a3HaveHit paHime TOMOJOTIT Ha IPAMIit 11 MHOKUHA A =
QN (0,1) sHaiiTu:

10.

11.

12.

13.

14.

15.

BHYTPIITHICT,

3aMUKAHHS,

MEXY,

MHOXKWHY TPAHWYHUX TOYOK,
i30TbOBAH] TOUKH,

KOMIIOHEHTH 3B A3HOCTI.

2. laTy o3HaveHHs, HABECTU PHUKJIAI, IO HOMY 3aT0BOJIb-

HS€, Ta TPUKIAJ, dKUil He 33JI0BOJIbHAE B KOXKHOMY 3 TaKUX BU-

MaJIKiB:

3aMKHEHI MHOKUHU.
Hemnepepsui BimobpazkemHust.
Akcioma T1,

Axcioma T4.

Jlini#tno 38’a3Hi nmpocTopmn.
KowmnaxTui mpocTopmn.
BayTpimHicTs.

D aKTOPTOMOIOTIA.

Kommonenta 38’ a3m0CTI
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4. KOHTpOJIbHI 3a0UTaHHSI

10.

11.

CxibKY Pi3HUX TOMOJIOTIYHUX CTPYKTYD iCHYE HA MHOXKUHI
3 IBOX (TPbOX) TOYOK?

Axwux MHOKUH GL/IBITE BIIKPUTHX 9U 3AMKHEHUX Y MTPOCTO-

pa 31 CKIHYeHUM YHUCJIOM TOYOK?

HagemiTs mpukia MEHOKIHA (KPIM TIOPOKHBOI 1 BCHOTO TIPO-
CTOPY), JJIs KO BHYTPIIIHICTD JOPIBHIOE 3aMUKAHHIO.

Axa mafimenina MOXKJIMBA MOTYXKHICTH 0a3W 33JaHOTO TUC-
KPETHOTO IIPpOCTOPY?!

Axwum yMOBaM MOBUHHA 33 I0BOTBHATH KA CiM’ 9 T IMHO-
KuH abu Oytm 6a3010 (mepeba3oIo) JesdKOl TOIOJIOTiIHOL

CTPYKTYpH?!

HageniTe mpukiIas KOMITOHEHTH 3B I3HOCTI 3 HETTOPOYKHBOFO
MeKero.

Yu icaye ToMeoMpdizM MizK TPSMOK Ta MJIOMTHHOO !

SKi 3 TAKWX KpUBUX roMeoMOopdHi MiXK cOBOr0: a) mpsiMa,
6) mapa mapasesbHUX NPSIMUX, B) esirnc, r) mapabosa, i)
rinepbosta?

Yu 6ymab-gakuit migmpocTip HOPMAIBHOTO MPOCTOPY € HOpP-
MaJILHUM TTPOCTOPOM?

Cxkinbku #He ToMeoMopdHEX MiK c000r KoMITakTAdiKaIii

Ma€ BiAKPUTHIT iHTEpBaI?

Yu Oyae obpa3 HENEPEPBHOIO iH €KTUBHOIO Bi0OparKeHHSI
inTepBana (kosa) Ha TIONMHY TOMEOMOPMHUM iHTEpPBATY
(xomy)?
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Cnucok YMOBHUX IIO3HAYCHDb

T — TOIIOJIOTiYHA CTPYKTYpPa

B — 6aza TomoJoril

0A — mexa muoXKubHu A

S™ — n-BumipHa chepa

D™ — n-BuMIipHHIT TUCK

I — sinpizoxk [0,1]

X VY — 6yker mpoctopiB X ta Y
2X — cim’st Beix miammoxum mpocropy X
Mo — crpiuka Mpbobiyca

T? — Top

Kl — mnamka Kneitra
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TomosIorivHa cyma, (45
TOMOMOTTYHUN HOOYTOK,
TOMOIOTIaHuI TPOCTID, [7]
TormoJoris, [§]

TpHBIATBHA TOTOJIOTIS, [§]
dakTopmpocTip,
akTopromosioris,
Hustx, [56]

1301pOBaHA TOUKA,
inmykoBana TomoJoris, [35]

IIPEJIMETHUI HOKAKYUK
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