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INVARIANT TOROIDAL MANIFOLDS OF A CERTAIN CLASS OF
DISCONTINUOUS DYNAMICAL SYSTEMS

F .A.Asrorov !
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
asrorovfa@knu.ua

This paper studies a class of autonomous differential equations subjected to impulsive effects.
Unlike the systems considered in previous works, where impulses were applied at fixed moments
in time, here the system experiences impulses when the angular variable passes through a fixed
set on the torus. In contrast to earlier assumptions, where the angular variable was not affected
by impulses during its evolution, this restriction is lifted in the present study.

The system of differential equations under impulsive effects is considered. Initially, the behavior
of phase curves of the discontinuous dynamical system on the torus is examined, and conditions
are identified under which these phase curves densely cover the torus. Then, sufficient conditions
for the existence of an asymptotically stable invariant set of the impulsive differential system are
provided.



DERIVATIONS OF LIE ALGEBRAS OF VECTOR FIELDS IN
INFINITELY MANY VARIABLES

Oksana Bezushchak!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
bezushchak@knu.ua

Let F[X,], n = 1, be the polynomial algebra on the set of variables X,, = {z1,...,z,}; and let
F[X] be the polynomial algebra on the set of variables X = (o, Xu,.

Consider the Lie algebra W, (F) = Der F[X,,] of all derivations of the polynomial algebra F[.X,,].
It is an infinite-dimensional simple Lie algebra of Cartan type (see [1]). F.Takens [2| proved that,
over a field of characteristic 0, every derivation of W,,(F) is inner.

Let as denote by Wx(F) = Der F[X] the Lie algebra of all derivations of the polynomial
algebra F[.X].

The Lie algebra

WOO(F) = U WR(F)
n=1

is a subalgebra of the algebra W ().

Theorem 1. All derivations of the Lie algebra Wx () over a field of zero characteristic are
mner.

Theorem 2. Fvery derivation of the algebra W, (F) over a field of zero characteristic is a
restriction of an adjoint operator ad(a) : x — [z, a], where the derivation a is an infinite sum

= 0

such that each variable x,, € X occurs in only finitely many polynomials f;, 1 > 1.
References

1. Strade H. Simple Lie Algebras over Fields of Positive Characteristic, I. Structure Theory, de Gruyter
Expositions in Mathematics 38. — Berlin-New York, 2004.

2. Takens F. Derivations of vector fields. Compositio Mathematica, 1973, 26, 151-158.



RAMANUJAN SUBSHIFTS

I. V. Bondarenko!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

revgen.bondarenko@knu.ua

A finite, connected, d-regular graph G is called a Ramanujan graph if every eigenvalue A\ of
its adjacency matrix satisfies either A = +d or |A| < 2v/d — 1. The term “Ramanujan” comes
from the RamanujanPetersson conjecture, whose proof for certain automorphic forms enabled the
explicit construction of infinite families of Ramanujan graphs when d = ¢ + 1 for a prime power
¢. Ramanujan graphs are optimal expanders (as the number of vertices tends to infinity), which
have many applications in computer science. Furthermore, the Thara zeta function of a regular
graph satisfies the Riemann hypothesis if and only if the graph is Ramanujan.

In this talk, I will describe a dynamical interpretation of the Ramanujan property in terms of
associated subshifts of finite type, extend this concept to define Ramanujan subshifts as subshifts
of finite type with optimal mixing properties, and discuss their existence. Several open problems
will be presented. The results discussed in this talk are based on a joint work with R. Grigorchuk
and A. Vdovina.



POLYNOMIAL SIMILARITY OF PAIRS OF MATRICES

V. M. Bondarenko!, A. P. Petravchuk?
nstitute of Mathematics of NAS of Ukraine, Kyiv, Ukraine
2Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
vitalig. bond@gmail. com, petravchuk@knu.ua

Recall that a classification problem in Linear Algebra is called wild if it contains the problem of
classifying pairs of (n x n)-matrices up to simultaneous similarity

(A,B) — S7YA,B)S = (ST'AS, ST'BS)

for some invertible matrix S. Otherwise, when indecomposble objects are “parameterized” by
several discrete and at most one continuous parameters, the problem is called tame. These concepts
(including the terms themselves) were first introduced by P. Donovan and M. R. Freislich in [1].
Formal definitions of these two classes were proposed by Yu.A.Drozd in [2], [3]; in these papers he
also proved his well-known theorems about tame and wild problems.

Let K be a field, R = K|[z,y] the polynomial ring and M(K) the set of all pairs of square
matrices of the same size over K. Pairs

Pl = (A17B1)7 PQ = (A27BQ>

from M(K) are called similar if Ay = X 'A;X and By = X !B X for some invertible matrix
X over K. Denote by N(K) the subset of M(K), consisting of all pairs of commuting nilpotent
matrices. A pair P will be called polynomially equivalent to a pair P = (A, B) if

A= f(Av B)7§: g(Av B)

for some polynomials f,g € K|[x,y| satisfying the next conditions: f(0,0) = 0,¢(0,0) = 0 and
detJ(f,¢)(0,0) £ 0, where J(f, g) is the Jacobi matrix of polynomials f(z,y) and g(z,y). Further,
pairs of matrices P(A, B) and P(A, B) from N'(K) will be called polynomially similarif there exists
a pair P(A, B) from N (K) such that P, P are polynomially equivalent and P, P are similar. The
problem of classifying pairs of matrices up to polynomial similarity can be reduced to the problem
of classifying pairs (A, B) of matrices up to polynomial similarity in the case when

A =0,B>=0,AB? = 0. (x)

As the next theorem shows this problem is wild, i.e., it contains the classical unsolvable problem
of classifying pairs of matrices up to similarity.

Theorem. The problem of classifying, up to polynomial similarity, pairs of matrices satisfying
the equations () is wild.

1. P. Donovan, M. R. Freislich, Some evidence for an extension of the Brauer—Thrall conjecture,
Sonderforschungsbereich Theor. Math. 40 (1972), 24-26.

2. Yu. A. Drozd, On tame and wild matrix problems, In: Matrix problems, Akad. Nauk Ukrain. SSR,
Inst. Mat., Kiev, 1977, 104-114.

3. Yu.A. Drozd, Tame and wild matrix problems, in: Representations and Quadratic Forms, Akad.
Nauk Ukrain. SSR, Inst. Mat., Kiev, 1979, 39-74.



SOFTWARE OPTIMIZATION MEANS SURVEY

V. A. Borodin!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

viktorborodin @knu. ua

Optimization problem formulation in the form:

min  f(z) (Objective function) (1)
st. g(x) <b (Constraints) (2)

is one of the most universal and popular applied math problems. Therefore, it is often necessary
to solve this problem numerically using computer software (SW).

There is a plethora of available SW designed to solve optimization problems (Optimization
SW). However, there are some general bafflements about how to select, use, and analyze the
results of the applications that use it.

This talk gives a brief review of existing up-to-date Optimization SW. The following specific
questions are covered: steps of working with Optimization SW, what they consist of, why there
are so many of them, recent advances in this field, their issues, and how to choose appropriate SW
for a specific task in the real-world situation.

At first, optimization problems taxonomy and how its versatile qualities lead to the creation
of different SW by nature is revealed. The main components of optimization software, Modeling
SW, and Solvers, are explained, with examples of different problem types and formats used for
the model representation. The scheme of the work with them is shown. Modeling SW is explained
as declarative programming instances with the main formats of the models presented. The table
with the most popular modeling frameworks and recommendations for choosing the required SW
is delivered to the audience.

Different kinds of existing Solvers are discussed in the talk. Explained their principles of operati-
on, how they are tested/evaluated, and the major issues in creating such kinds of SW. Some recent
updates to the existing Solvers are presented.

Based on the given analysis, basic recommendations on when, how, and which Optimization
SW to use for a particular problem are given. Concrete examples of Python implementations for
optimization problems using the packages discussed are displayed.

References

1. Pujari H. K., Mageshvaran R.// Methods and solvers used for solving Mixed Integer Linear
Programming and Mixed Nonlinear Programming Problems: A Review. International Journal of
Scientific & Technology Research, 2020, VOLUME 9, 1872-1882 pp.
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convex MINLP. Optimization and Engineering, 2019, 397 - 455 pp.

4. Koch T., Berthold T., Pedersen J., Vanaret C. Progress in mathematical programming solvers from
2001 to 2020. EURO Journal on Computational Optimization, 2020, Volume 10, 2192-4406 pp.



ON MONOTONICITY OF SOME ENTROPIES

V. B. Braiman!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

volodymyr.braiman@knu.ua

In [1], it was shown that the Shannon entropy and the Rényi entropy of the Poisson distribution
with parameter A > 0 are increasing as functions of A. In [2], it was shown that the Tsallis entropy
and the Sharma-Mittal entropy of the Poisson distribution are also increasing as functions of A,
while the generalized Rényi entropy may be non-monotonic.

In this report, we consider sufficient conditions on entropy and on a family of discrete probabi-
lity distributions that ensure the monotonicity of entropy.

Theorem. Let P = {(po,pl,...,pn,...)efl pi=0,020,),p = 1}, H:P — R bean

=0

entropy such that
1) He C(P),

2) for every n =1 the function H(po,...,pn,0,...) is Schur-concave on the set
{(po,pl,-..,pn) eR"™ :p;>0,0<i< H,Zpi < 1}.

Let {p;(A),7 = 0} be a discrete probability distribution with parameter A such that

3) for every n =0 the sum ), pp)(A) is decreasing as a function of A, where {pp1(X\),1 = 0} is
i=0
the sequence of numbers {p;(\),i = 0} which are rearranged in non-increasing order.

Then H(pi(\),i = 0) increases as a function of .

1. Braiman V., Malyarenko A., Mishura Yu., Rudyk Ye. A., Properties of Shannon and Rényi entropies
of the Poisson distribution as the functions of intensity parameter // Nonlinear Analysis: Modelling
and Control 29(4): 802-815, 2024.

2. Finkelshtein D., Malyarenko A., Mishura Yu., Ralchenko K., Entropies of the Poisson distributi-
on as functions of intensity: “normal” and “anomalous” behavior. arXiv:2411.16913v1 [math.PR]
https://doi.org/10.48550 /arXiv.2411.16913.

3. Marshall A.W., Olkin I., and Arnold B.C., Inequalities: Theory of Majorization and Its Applications.
Springer Series in Statistics, 2nd Edition, Springer, New York, 2011.



LIMIT BEHAVIOR OF RANDOMLY DISTURBED SEQUENCES

Mykola Denysievskyi
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
mykola.denysya@knu.ua

Consider a discrete dynamical system in R? with random disturbances {&, : n > 0}

Xn+1 = F(Xru gn)a n = 0.

For given function f : RY — R¢ we are interested in the behavior of sums

D (X)) =7, n— .

. k=0 . .
The concepts and some important facts used here are presented in the article [1].
Theorem. Let random variables {€,} and function F : R?*? — R? satisfy conditions:

1. Random variables {§, : n = 0} are independent with absolutely continuous distributions
with respect to the Lebesque measure with densities {p, : n = 0} which possess the following
properties

(a) there are a Borel function p : RY — (0;+0) and a sequence of positive numbers {a,, :
n = 0}, a, — +90, n — o, such that

(1 (1
0<ay, ::inf{p ()| 12| <an} Ssup{p ()] 12| <an} =: B, < +0;
p(t) p(t)

(6) a, —> 0, n— ©0; a, ~ B, n— ©;
(6) VYm=>=1 r=0,1,2,...,m—1:

0
Z Qpm4r = +0.
n=0

2. There exists a Borel function ¢ : R — R? such that
3L VL, 51, s5 € R [ F(s1,t) = F(so, 1) < Lltb(s1) — 9(s2)]
IN sy, s € R%: [[(s1) — ¥(s2)| < Ns1 —saf, L-N < 1.
3. |F(0, t)] — +0, [t] — +oo.
4. There exists a Borel function Fy : R — R? such that
Vte RY: F(s, t) — Fy(t), |s| — +co.

Then sequence {X,, : n = 0} has w.p. 1 local sojourn measures of the form {y,o : n = 0} where

o= ap, =0 o(A) = f p(t) dt
k=0 v
Fy o (4)
for bounded Borel set A < R<.
References

1. Dorogovtsev, A. A. Visiting Measures and an Ergodic Theorem for a Sequence of Iterations With
Random Perturbations. Ukrainskyi Matematychnyi Zhurnal, 1999, vol. 51, no. 1, pp. 123127.



EVOLUTION OF CORRELATIONS IN A SYSTEM OF HARD SPHERES

I. V. Gapyak
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
thapiak@knu.ua

We discuss mathematical problems related to the description of the evolution of many hard
spheres using various approaches to characterize their state, particularly through functions that
describe the propagation of correlations. The proposed approach enables the analysis of systems
with both finite and infinite average numbers of hard spheres by means of reduced distribution
functions or reduced correlation functions, whose dynamics are determined by the evolution of
correlations in a hard-sphere system [1]|. Special attention is given to the processes of correlation
creation and propagation 2], which are closely connected to the problem of describing memory
effects in many-particle systems with collisional dynamics.

It was established that the notion of cumulants of the groups of operators underlies nonper-
turbative expansions of solutions for the fundamental evolution equations describing the state
evolution of a hard-sphere system, namely, of the Liouville hierarchy for correlation functions, of
the BBGKY hierarchy for reduced distribution functions and of the nonlinear BBGKY hierarchy
for reduced correlation functions, as well as it underlies the kinetic description of infinitely many
hard spheres. We emphasize that the structure of obtained expansions for correlation functions,
in which the generating operators are the cumulants of the corresponding order of the groups of
operators of hard spheres, induces the cumulant structure of series expansions for reduced dis-
tribution functions, reduced correlation functions and reduced correlation functionals. Thus, the
dynamics of systems of infinitely many hard spheres is generated by the dynamics of correlations.

The origin of the collective behavior of a hard-sphere system on a microscopic scale was de-
scribed by means of a one-particle correlation function that is determined by the non-Markovian
Enskog kinetic equation. The advantages of such an approach to the derivation of kinetic equations
from underlying collisional dynamics consists of an opportunity to construct the kinetic equations
with initial correlations, which makes it possible to describe the propagation of initial correlations
in the Boltzmann-Grad limit [3].

1. Gerasimenko V.I., Gapyak I.V. Propagation of Correlations in a Hard-Sphere System. Journal
of Statistical Physics, 189, 1, p. 24.

2. Prigogine I. Non-Equilibrium Statistical Mechanics. New York: John Wiley and Sons, 1962, 319 p.

3. Gerasimenko V.I., Gapyak [.V. Boltzmann—Grad asymptotic behavior of collisional dynamics.
Reviews in Math. Phys. 33, p. 32.



VANDERMONDE OPERATOR AND LINEAR DIFFERENTIAL
EQUATIONS OF HIGHER ORDERS
M. F. Horodnii
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
horodnit@knu.ua

We study the question of the existence of a unique bounded solution, as well as of the Cauchy
problem to a higher-order linear differential equation with bounded operator coefficients. The
case is considered when the corresponding "algebraic" operator equation has separated pairwise
commuting roots. Using the Vandermonde operator constructed from such roots, representations
of a unique bounded solution and the Cauchy problem are obtained.
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CORRELATION-REGRESSION ANALYSIS OF CONSUMER MARKET
BEHAVIOR AND ITS IMPACT ON INVESTMENT PATTERNS IN THE
EUROZONE

M. V. Hrysenko!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
magryss @knu.ua

The aim of the study is to examine the relationship between investor sentiment and Eurozone
exchange-traded funds (ETFs) in order to understand the dynamics of market behavior and the
impact of consumer behavior on investment patterns in the Eurozone. Panel data analysis, correla-
tion analysis, regression analysis and Granger causality test are used to investigate the relationship
between ETFs and the Consumer Confidence Index (CCI). The results show that the CCI has a
significant negative impact on ETF pricing. Other factors such as financial stability, government
regulation and market factors can also affect ETF prices. Therefore, it can be concluded that
while the CCI may be important, it should not be the only factor considered.

This study used several data analysis methods to investigate the relationship between ETFs
and CCI in the Eurozone. The first method is panel data analysis. Panel data regression models
are useful for examining correlations between variables in situations where the data contain both
cross-sectional and time series components. By taking into account the temporal dynamics within
each market, this method allows researchers to account for potential volatility across markets. The
panel data model includes 7 developed markets in the Eurozone, such as Austria, Belgium, France,
Germany, Italy, the Netherlands, and Spain. The analysis of this study covers the period from
March 1, 2015 to March 1, 2023. After conducting a panel data analysis, this study decided to look
at the hypothesis from a different perspective and investigate the relationship between the iShares
MSCI Eurozone ETF and the CCI EA19 using additional methods such as correlation analysis,
regression analysis, and Granger causality testing. Correlation analysis was used to examine the
linear relationship and measure the strength and direction of the relationship between the two
variables. This type of analysis is useful for understanding the extent to which ETFs and CCI are
related and for identifying any potential patterns in their relationship. Regression analysis was
conducted to assess the impact of CCI on the iShares MSCI Eurozone ETF.Regression analysis
helps to better understand the extent to which CCI can affect the iShares MSCI Eurozone ETF.
The combination of methods considered helps to explore the nature of the relationship between
consumer confidence and ETF pricing in Eurozone markets in a comprehensive and robust manner.

References

1. Dgziuba P., Hrysenko M., Shtogrin, K. Investor sentiment and euro area ETFS: An empirical analysis
of consumer behaviour. European Journal of Government and Economics 2024. Vol. 13, No. 2
(2024), pages 165-188 https://doi.org/10.17979/ejge.2024.13.2.10225
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SOLVABILITY ISSUE FOR OPTIMAL CONTROL PROBLEM FOR
DEGENERATE PARABOLIC VARIATIONAL INEQUALITY

N. V. Kasimova!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
kasimova@knu.ua

We investigate the problem of solvability for optimal control problem for degenerate parabolic
variational inequality in the so called “weak” statement.

Let Q € RY be a bounded open subset with rather regular boundary 0§ and let 0 € RY be
the inner point of the set . Let Q = (0,7) x Q be a cylinder in R! x RY, where T' < +o0. We
denote its side surface by ¥ = (0,7) x 0f2, and let the boundary of Q is divided into two subsets
with positive measure 02 = I'p u I'y.

We consider the following problem

1 Yad ?
I(u,y) = 5 Hy— -
2 VP L2(0,T;L2(Q,pdx))

5HUH%Q(O,T;L2(FN;p—1d§)) — inf, (1)

OL———wﬂ

J (v — y)pdxdt + ff Vy, V(v —y))rnpdxdt =

T
ij v—y dxdt—i—ff (v —y)d&dt (2)
0Ty
Yo e K, v e L*(0,T; (WY(Q;Tp, pdx))*),v(0,2) = 0,
ue Uy, yek, (3)
y(0,z) =0, €. (4)

Here y,q and f are given distributions, W2(Q; T'p, pdz) is the corresponding weighted Sobolev
space, K is a convex closed subset of the space L2(0, T; W12?(Q; T'p, pdx)), U, is a nonempty convex
closed subset of L*(0,T; L*(T y; p~'d¢)).

Such problems without degenerations are well-known and we have the classical results concern-
ing their solvability. These results require such standard conditions as coercivity and boundedness
for an elliptic operator connected to the problem. In considered problem the weighted function p
could be unbounded or attain the value zero on the boundary layer of the domain. Therefore, we
can’t use the classical theorems. And our aim is an obtaining of sufficient conditions for function
p, under which the given optimal control problem has a solution. For this purpose, we consider a
transformation, according to which the original problem is reduced to the optimal control problem
for a parabolic variation inequality with unbounded coefficients of the potential type, and the issue
of the existence of its unique solution is investigated using the Hardy-Poincar’e type inequality.
Thus, the main result of our investigation is the next theorem [1].

Theorem. Let p: Q — R, be a weight function of potential type. Let f, y.q are given func-
tions. Then OCP (1)-(4) admits a unique solution (u°,y°) in the space L*(0,T; L*(Tn, p~td£)) x
L0, T;WY2(Q; Tp, pdz)).

1. Zadoianchuk (Kasimova) N. V. Optimal Control Problem for Degenerate Parabolic Variation In-
equality: Solvability Theorem. Journal of Computational and Applied Mathematics, 2014, 1(115),
10-23.
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ASYMPTOTIC APPROXIMATIONS FOR THE SOLUTION OF A
SINGULARLY PERTURBED CONVECTION-DIFFUSION PROBLEM IN
A THIN GRAPH-LIKE JUNCTION

A. V. Klevtsovskiy!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
avklevtsovskiy@knu.ua

Convection-diffusion problems have recently attracted a lot of attention in the research litera-
ture (see e.g. monograph [1| and references there). Accurate modeling of the interaction between
convective and diffusion processes is the most common and difficult problem in the numerical
approximation of partial differential equations. Justification both numerical approximations and
asymptotic approximations for solutions to convection-dominated problems is more hard task.
The reason is that the corresponding solutions have boundary layers, i.e., there are narrow areas
where solutions are bounded regardless of small parameter near diffusion term, but where their
derivatives are large [1, Section 1.1].

It our talk we present the construction of the complete asymptotic expansion for the solution
to a steady-state convection-dominated problem in a thin three-dimensional graph-like junction
consisting of three thin cylinders connected through a domain (node) of diameter O(¢). In addition,
we consider the Dirichlet boundary conditions on the bases of the thin cylinders and the perturbed
nonhomogeneous Neumann type boundary condition on the lateral surfaces, in which the flows of
both the convective and diffusion parts are involved.

Using multiscale analysis, the asymptotic expansion for the solution is constructed and justified.
The asymptotic estimates in the norm of Sobolev space H' as well as in the uniform norm are
proved for the difference between the solution and proposed approximations with a predetermined
accuracy with respect to the degree of e.

These results were obtained in collaboration with Prof. Melnyk in the work [2].

1. Stynes M., Stynes D., Convection-Diffusion Problems: An Introduction to Their Analysis and
Numerical Solution, Graduate Studies in Mathematics, 2018, Vol. 196, American Mathematical
Society.

2. Mel'nyk T. A., Klevtsovskiy A. V. Asymptotic expansion for the solution of a convection-diffusion
problem in a thin graph-like junction. — Asymptotic Anal., 2022, Vol. 130, Issue 3-4., P. 505-530.
DOI: 10.3233/ASY-221761
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SOBOLEV INEQUALITY FROM THE STOCHASTIC PERSPECTIVE

V. Knopova!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

vicknopova@knu.ua
My talk is devoted to the relation between Poincaré, (log)Sobolev and concentration inequalities.

We discuss “stochastic” versions of Poincaré and (log)Sobolev inequalities, the Herbst argument
for deriving the concentration inequality, as well as some examples.

14



MIXING OF VISCOUS FLUIDS IN A RECTANGULAR CAVITY BY
GHOST RODs

0. B. Kurylko

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
alexandr.kurylko@knu.ua

Abstract: This study investigates the mixing of viscous fluids in a rectangular cavity using a
novel approach involving ghost rods. The research is inspired by the topological fluid mechanics
framework introduced by Boyland, Aref, and Stremler [1]. We analyze fluid motion under various
mixing protocols, particularly pseudo-Anosov and finite-type protocols, which are shown to differ
in efficiency despite being energetically equivalent.

Problem statement: The steady-state Stokes flow is considered in a rectangular domain
with tangential boundary velocities prescribed in a piecewise-constant fashion. The biharmonic
stream function formulation is applied, and the solution is constructed using symmetry arguments
involving even and odd components [2].

Key contributions:

- Development and analysis of several mixing protocols using alternating boundary velocities.

- Numerical visualization of streamlines and Poincare sections, revealing the presence of peri-
odic points and Lagrangian structures.

- Introduction of the concept of "ghost rods" to interpret flow behavior and mixing efficiency.

- Comparison of advection patterns under different protocols (e.g., R*L*, R*L™) using tracer
particles and streamline plots.

Conclusion: The method of ghost rods provides an intuitive and mathematically rigorous
way to control and analyze viscous mixing in constrained geometries. Protocols of the pseudo-
Anosov type lead to more effective mixing, as demonstrated through computational experiments.
The concept of ghost rods introduces a flexible framework for designing efficient mixers without
physical obstacles, which is particularly useful in microfluidics and lab-on-a-chip systems where
non-invasive control is essential. This theoretical framework may be extended to three-dimensional
flows and time-dependent boundary conditions.

Keywords: Viscous fluid, Stokes flow, mixing protocol, ghost rod, pseudo-Anosov, rectangular
cavity, Poincare section.

1. Boyland P. L., Aref H., Stremler M. A. Topological fluid mechanics of stirring. J. Fluid Mech.,
2000, Volume 403, p.277-304.

2. Meleshko V. V. Steady Stokes flow in a rectangular cavity. Proc. R. Soc. London, 1996, Volume
A452, p. 1999-2002.
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ON THE INSTABILITY AND SOME ASYMPTOTIC PROPERTIES OF
RANDOM PROCESSES ASSOCIATED WITH THE BESSEL
DIFFUSION PROCESS

S. V. Kushnirenko!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
svilana__kushnirenko @knu.ua

Let (2, F, P) be a probability space and W = {W,;, ¢ > 0} be a Wiener process on it. We study
stochastic differential equation, namely

t
Yt=yo+at—|—oj A\ Y, dWy, (1)
0

where yo > 0, a > 0, and o > 0.

It is well known that equation (1) admit unique strong solution Y = {¥;,¢ > 0}. The process
Y is commonly referred as the squared Bessel process. Strictly positive values of the process Y
make it convenient to model real processes in physics, biology, economics, and finances.

We investigate this process using the concept of stochastic instability. We demonstrate that
the squared Bessel process Y is stochastically instable, i.e.; for any constant N > 0

1 t
lim —J P{Y, < N}ds = 0.
t—+0o0 t 0

For a smooth version of Bessel process, i.e., a solution of the stochastic differential equation

dt
dVi = ——— 4w,
(‘/tE)Q _|_€2

where € # 0, ¢ > 0, Vi = /y, > 0, we establish the convergence of V= to the (non-squared) Bessel
process V = \/}7, as ¢ — 0.

We also demonstrate stochastic instability of V. And finally, we establish a bit unexpected
statement for fixed & # 0.

Theorem. (Theorem VI.7 from [1|) Normalised stochastic process Y/ts% converges weakly, as
T — o0, to the Bessel process Y; that is the solution of the equation

t
Y3=3t+2JYSdWS, t=0.
0

Proof of the Theorem is based on Theorem 3.3 from book [2].

1. Mishura Y., Ralchenko K., Kushnirenko S. Driven by Brownian motion CoxIngersollRoss and
squared Bessel processes: Interaction and phase transition: Physics of Fluids. 2025. January.
Vol. 37, no. 1. https://doi.org/10.1063/5.0244168

2. Grigorij Kulinich, Svitlana Kushnirenko and Yuliya Mishura: Asymptotic Analysis of Unstable
Solutions of Stochastic Differential Equations. Bocconi & Springer Series, Mathematics, Statistics,
Finance and Economics, Vol.9, 2020. — 240 p. https://doi.org/10.1007/978-3-030-41291-3
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APPLICATION OF PHYSICS INFORMED NEURAL NETWORKS TO
SOLVING PROBLEMS OF THE NON-HOMOGENEOUS ELASTICITY

M. V. Lavrenyuk!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
m.lavrenyuk@knu.ua

A general approach for simulating the behavior of geological systems by calculating the stress-
strain state of non-homogeneous regions subjected to gravitational forces has been developed.
This approach reduces boundary value problems in solid mechanics to unconstrained optimization
problems. Using Physics-Informed Neural Networks (PINNs) within this framework simplifies the
solution to constructing substitution functions that depend on the boundary and initial conditions
and the neural network solution of the corresponding optimization problem. The problem of non-
homogeneous plane elasticity was analyzed within this approach. For Neumann conditions set on
the top and right sides, and Dirichlet conditions on the left and bottom sides of a trapezoid-shaped
region with inhomogeneous mechanical properties, the ansatz functions for displacements for the
unconstrained optimisation problem were obtained. Constructed functions satisfy the boundary
conditions of the problem by construction. and the order of the coordinate functions in only 5.

To verify the proposed methodology, a series of checks to ensure the accuracy of our approach
were performed. The first problem considered was the stress-strain state of a homogeneous half-
plane subjected solely to gravitational forces. The resulting stresses were consistent with the
known classical results. The second problem involved the same half-plane under gravitational
force, but considered as a non-homogeneous region. The special case of non-homogeneity was
examined. In this case stresses were the same as for the homogeneous case of the first problem
and were consistent with the analytical solution. The third problem involved calculating the
stress-strain state for a two-dimensional non-homogeneous elasticity problem of a rectangular
region under gravitational forces. The region was fixed at the left side and the bottom, while the
right side and the top were free. Numerical results for this case were not included in this study,
instead the more general fourth problem of defining the stress-strain state of a two-dimensional
non-homogeneous elastic trapezoid-shaped region under gravitational forces was considered. The
proposed methodology can be extended to problems in the theory of thermal elasticity, including
piecewise-homogeneous and thermosensitive media.

References This research has been done in the framework of EU Project “Localization in
Geomaterials across Scales and Geophysics, Geohazards, Geoengineering”: (LOC3G), MARIE
SKLODOWSKA-CURIE ACTIONS (MSCA), grant N101129729, and the project “Risk assess-

ment of landslide hazards and impact on communities” funded by a Fulbright grant.

1. Lagaris I., Likas A., Fotiadis D. Artificial neural networks for solving ordinary and partial dif-
ferential equations // IEEE Transactions on Neural Networks. — 1998. — 9(5). — 987-1000.
10.1109/72.712178

2. Lavrenyuk M. Application of physics informed neural networks to solving problems of the mechanics
of a deformable solid body, VII International Scientific Conference "Modern Problems of Mechanics,
August 28-30, 2023, Kyiv, Ukraine

3. Limarchenko O., Lavrenyuk M., Application of physics informed neural networks to solving dynamic
problems of the theory of elasticity // Math. methods and physical-mechanical fields, 65, No. 3-4,
214-223 (2022)
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MOBILE APPLICATION FOR COGNITIVE AND MEMORY TRAINING
IN A GAME-BASED FORMAT

A. 1. Lisnyi
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
sefelan@knu.ua

This paper presents the design and implementation of Grydly, an Android application aimed
at improving users’ cognitive abilities through interactive games. The project follows the Clean
Architecture approach [1], separating the app into three layers: Presentation, Domain, and Data.
Each game (e.g., Fifteen Puzzle, Lights Out) is implemented with isolated logic, progress tracking,
and reusable domain components.

The application was built using Kotlin, MVVM architecture, Room for local storage, and
Hilt for dependency injection [2]. Game logic is encapsulated in use cases, making it scalable and
testable. The app supports both Campaign and Quick Play modes and includes visual performance
metrics.

References

1. Martin R. C. Clean Architecture: A Craftsman’s Guide to Software Structure and Design. — Boston:
Prentice Hall, 2017. 432 p.

2. Google. Guide to App Architecture. — URL: https://developer.android.com/topic/architecture
(accessed: May 8, 2025).
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ON PERTURBATION OF INVARIANT TORI THAT FOLIATE THE
CENTRAL MANIFOLD OF CONDITIONALLY INTEGRABLE LOCALLY
HAMILTONIAN SYSTEMS

Yu.V. Loveikin
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
y.loveikin@knu.ua

In the class of locally Hamiltonian systems, the problem of perturbation of a conditionally
integrable system is studied. Conditionally integrability of a system means that its invariant tori
do not foliate an open region of the phase space, but only some submanifold M, (the central
manifold). The main goal is to show: if the corresponding linearized system in the neighborhood
of the specified submanifold M, is in a certain sense hyperbolic in the normal direction to My,
then the system obtained as a result of small locally Hamiltonian perturbations of the initial
conditionally integrable system has an invariant manifold (central manifold) M which is a small
deformation of the My and on it there exists a Cantor subset of invariant tori of the perturbed
system carring quasiperiodic motions.

On a smooth symplectic manifold (M2 ,?) with symplectic structure w?, we consider a
locally Hamiltonian system with a closed (not necessarily exact) 1-form w} (instead of the 1-
form w}, we can consider a multivalued Hamiltonian function Hy : M2"*%) — R). We assume
that this system is conditionally integrable. Namely, this system has a 2n-dimensional invariant
submanifold M, which is foliated by its invariant tori carring quasiperiodic motions.

Let this system suffers a perturbation of the form

wy — wy + pwi  (or the same Hy — Hy + pH)),
where © > 0 — small parameter, Hy + pH; — multivalued Hamiltonian function corresponding
to 1-form w} + pw;.

It was established that certain conditions for an unperturbed conditionally integrable system
under the small perturbations the resulting perturbed system has an invariant (central) manifold
M which is a small deformation of the manifold M. On this invariant manifold M the system
induced by the initial perturbed system is also locally Hamiltonian and this induced system has
invariant tori that carry quasiperiodic motions. The obtained results were established with the
use of the methods of the KAM theory using the smoothing method proposed by J. Moser in
combination with the method of artificial parameters.

References

1. Loveikin, Yu. Perturbation of invariant tori that foliate the central manifold of conditionally in-
tegrable locally Hamiltonian systems. Mathematical Bulletin of the Shevchenko Scientific Society,
2011, V.4, P. 177-192. (in Ukrainian)

2. Loveikin, Yu.V., Parasyuk, I.O. Invariant tori of locally Hamiltonian systems close to conditionally
integrable systems. Ukr. Math. J, 2007, V. 59, 1, P. 7099.

3. Loveikin, Yu.V., Parasyuk, 1.O. Bifurcation of coisotropic invariant tori under locally Hamilto-
nian perturbations of integrable systems and nondegenerate deformation of symplectic structure.
Nonlinear Oscillations, 2006, V. 6, * 2, P. 215-225.
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MULTIFRACTAL PROPERTIES OF HUMAN HEART RHYTHM

V. T. MATSYPURA
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
mnittQknu.ua

The human heart is the source of the main biological signal - the heart rate. Recording of skin
potentials induced by the heart muscle (electrocardiogram (ECG)) provides information about
the electrical activity of the atria and ventricles. Since the electrical activity of the human heart
is subject to the influence of many physiological mechanisms, electrocardiography has become an
indispensable tool for diagnosing pathologies of the cardiovascular system.

For a long time, it was believed that the heart rhythm should be constant in order to ensure
the stable functioning of the whole organism. That is why it was believed that when a person
is sick or gets old, it is more difficult for his body to maintain a constant heart rhythm and the
degree of its variation increases.

However, modern research has overturned the long-standing ideas of doctors. Analysis of heart
rate has shown that its variability (high degree of variability) is inherent in young and healthy
organisms, because it is precisely such chaotic dynamics that allow our body to adapt to sudden
changes in the environment, while a decrease in heart rate variation, on the contrary, is inherent
in older people or people with certain health changes. Analysis of changes in the duration of the
sequence of intervals between heartbeats turned out to be very important from the point of view
of assessing the presence or possibility of cardiovascular diseases.

Perhaps the human intervalogram was among the first biological signals that were studied
from the point of view of chaos theory and fractal analysis. Later, these studies were significantly
expanded and received a large bibliography.

The report presents a comparative analysis of multifractal spectra of a healthy person and a
person with a certain heart disease. Its results give hope that multifractal analysis of experimental
data of signals of medical and biological origin will reveal new information characteristics, which,
on the one hand, will help to understand the nature of the human body more deeply, and, on the
other, will become information parameters in the diagnosis of human health.

References

1. Kantelhardt J. W., Zschiegner S. A., Koscielny-Brude E., Bande A., Halvin S., Stanley E. Multi-
fractal detrendet fluctuation analysis of nonstationary time series// Physica A., 2002, V. 316, P.
87-114.

2. Makowiec D., Dudkowska A., Galaska R., Rynkiewicz A. Multifractal estimates of monofractality
in RR-heart series in power spectrum ranges // Physica A., 2009, V. 388, P. 3486-3502.
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STRUCTURE RECOVERY: FROM MEAN ESTIMATION TO HIGHER
MOMENTS

Shahar Mendelson!
nstitute for Mathematical Research, ETH Zurich, Switzerland
shahar.mendelson@gmail.com

Let X be a random vector in R? with a finite mean and covariance. I focus on two questions:

e First, if the mean and covariance of X are not known, and instead one is given Xi,..., Xy
that are independent copies of X, is it possible to "guess" the mean EX - relative to a fixed
norm on R? with high accuracy and confidence?

e And second, if T < S9! and given X1, ..., Xy, is it possible to accurately guess
H < X,t > HLp(X)
uniformly in ¢ € T" - (assuming some partial information on the mean and covariance of X)?

The first question is natural, and I will explain that the second is connected to a question
asked by V. Milman on the behaviour of isotropic, log-concave random vectors. I will present an
answer to the first question and then show that (optimal) mean estimation in R together with
Talagrand’s generic chaining mechanism leads to a sharp answer to the second question.
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ON MODULES OF CONTINUITY OF FRACTIONAL ORDERS WHICH
ARE GENERATED BY A SEMIGROUP OF OPERATORS

O. N. Nesterenko
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
nesterenkoon@Qukr.net

The report was prepared based on the results obtained jointly with S. I. Bezkryla and A. V.
Chaikovskyi and published in the works [1], [2].

Let X be a linear space, {T, : h = 0} - a one-parameter family of linear operators T}, :
X — X, h > 0, which forms a semigroup, i.e. 1y = I - a unit operator and T}, yp, = T}, T}, for
arbitrary h; = 0, hy > 0. We assume that there exists a linear set Y < X, on which the norm
| - | is introduced, relative to which the space Y is Banach space, and for all f € X and h > 0
there is an inclusion (7, — I)f € Y and |T),f — f| = 0, h — 0+ . Then for all A > 0 the operator
T, : Y — Y. Let also for each h > 0 restriction of the operator T}, to Y, which we will denoted T},
be a continuous operator and its norm ||T;] < 1

Next, we distinguish the cases X =Y and X # Y. If X =Y, fe X, a > 0, then (I —=T})*f :=
o0

2 (1T IEX #Y, feX, a>1, g=(I—T,)f then (I —T,)*f := (I — Tj,)* g where

(I =Th)'g:= Z (=TS
Definition. Let a>0if X =Y and a > 1if X # Y. The modulus of continuity of an
element f € X of order «a, generated by the semigroup {7}, : h = 0}, is the function

ult) = wal,0) 1= smp (=T, 30

Lemma. Let « > 0if X =Y and a > 1if X # Y. Let also w(-) := ws(f,) be the modulus
of continuity of an element f € X of order «, generated by the semigroup {7}, : h = 0}. Then
the following properties hold:

1) w(0) =0; 2)wton[0,+0); 3)weC([0,+0));

4) if « = k€ N | then w(nt) < n*fw(t) for all t > 0 and n € N.

Theorem 1 [2]. Let X =Y anda >3 or X #Y and a =4 . Let also w(-) := wa(f,-) be the
modulus of continuity of an element f € X of order a, generated by the semigroup {T}, : h = 0}.
Then

where C,, is a constant that depends only on o and n , and C, = O(n®3/2), n — .
Theorem 2 [1]. Let X =Y and o > 3 or X # Y and o > 4. Then for an arbitrary
number 5 > o — % there exists a function w : [0, +00) — R, not identically equal to zero, which

satisfy conditions 1) 83) of the lemma, such that the function %, t € (0,+00), is monotonically

non-increasing on (0, +w0) and at the same time the equality 1tlir& % = 1 s not satisfied for
any element f e X.

1. Bezkryla S. 1., Nesterenko O. N., Chaikovs’kyi A. V. On the moduli of continuity of fractional
order generated by a semigroup of operators. Bulletin of the Kyiv University. Mathematics and
Mechanics, 2017, No. 1(37), P. 6 -9. (In Ukrainian.)

2. Bezkryla S. 1., Nesterenko O. N., Chaikovs’kyi A. V., One Inequality for the Moduli of Continuity
of Fractional Order Generated by Semigroups of Operators. Ukrainian Mathematical Journal, Vol.
71, No. 3, August, 2019, P. 352 - 369.
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STOCHASTIC CENTER OF SYSTEMS OF STOCHASTIC
DIFFERENTIAL EQUATIONS ON THE PLANE

O .V.Perehuda !
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
perehudao@knu.ua

Let (€2, F), P) be a complete probability space and w(t) be a standard one-dimensional Wiener
process on §2.
dx(t) = fi(z,y)dt + g1 (z,y)dw(t),
dy(t) = fo(w,y)dt + go(x,y)dw(t), (1)
where fi(z,v), fo(z,v), g1(2,y), g2(x,y) -non-random real polynomials of the second degree
that do not contain constants.
In the present work, we shall give a stochastic version of the center problem for systems of
stochastic differential equations on the plane.

Definition. We say that system (1) has a stochastic center at the origin if there is a non
constant analytic function H(z,y) in a neighborhood U of the origin such that for any (z¢, yo)
e U, if (z(t),y(t)) is the maximal solution of system (1) with the initial conditions z(0) = xy,
y(0) = yo, then for all 0 < t < o(zo, yo)

Consider the system

H(z(t),y(t)) — H(xo,y0) =0 a.s.

Observe that if the curve {(x,y) € R? : H(x,y) = H(xg,10)} is closed, then o(zg,yy) = +00.
Theorem. The system (1) has a stochastic center, if and only if for all (z,y) € U,

oH oH
o (z, y)%(w, Y) + g2(x, y)a—y(ﬂf, y) =0, (2)
oH OH 1, ,0°H PH  ,0*H
el (2 49 —
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TOPOLOGICAL STRUCTURE OF SIMPLE HAMILTONIAN FLOWS ON
THE NON-ORIENTABLE SURFACES

O. Prishlyak
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
prishlyak@knu.ua

We consider flows whose lift to the double cover are Hamiltonian flows with a Hamiltonian
that is a Morse function. A flow is simple if there are no saddle connections between different
saddles within it. Topological equivalence of flows is a homeomorphism of the surface that maps
trajectories to trajectories and preserve their direction. For the classification of such flows, we
use distinguishing graphs composed of Reeb graphs with distinguished leaves. The vertexes of the
graph are coloured as Ag, Ay, Ao, B or C. Also, we mark one of incident half-edges for each vertex
with degree more then one. An equivalence of graphs is an isomorphism that preserve colour of
vertexes and marked half-edges.

Theorem. Two simple Hamiltonian flows on non-oriented closed surfaces are topologically
equivalent if and only if their distinguishing graphs are equivalent.

An analytical expression for the number of topologically non-equivalent flows has been obtained
for the projective plane and the Klein bottle.

Theorem. The number of topologically non-equivalent simple Hamiltonian flows with k saddles
on the projective plane RP? can be calculated using the formula

k—1
N(RP?); = Ky, + > KiKj_i1,

=0

where
Ky, = 3(KoKop1 + K1 Kop o+ ...+ K, 1 K,,),

3K2+ K,
—

Theorem. The Reeb graph on the Klein bottle has one of the following types:

a) the graph is a tree containing two vertices of degree 2, and the vertices of degree 1 are of
type C;

b) the graph is a tree containing one vertex of degree 2, one vertex of type B, and the remaining
vertices of degree 1 are of type C;

c) the graph is a tree that does not contain vertices of degree 2, has two vertices of type B, and
the remaining vertices of degree 1 are of type C;

d) the graph is a tree that does not contain vertices of degree 2, has one vertex of type As, and
the remaining vertices of degree 1 are of type C;

e) the graph has one simple cycle, this cycle contains an odd number of R-vertices, and all
vertices of the graph are either of type C or of degree three.

Kopni1 = 3(KoKop + K1 Kop1 + ... + Ky 1 K1) +

1. Bolsinov A. V., Fomenko A. T. Integrable Hamiltonian systems. Geometry, Topology, Classifica-
tion. — N.Y.: CRC, 2004, 724 p.

2. Lychak D. P., Prishlyak. A. O. Morse functions and flows on nonorientable surfaces. Methods of
Functional Analysis and Topology, 2009, 15(3), 251-258.
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GENERAL STOCHASTIC MEASURES.
INTEGRATION, PATH PROPERTIES AND EQUATIONS

V. M. Radchenko
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
vadymradchenko@knu.ua

Let Ly = Lo(€2, F, P) be a set of all real-valued random variables defined on the probability
space (2, F, P). Convergence in Ly means the convergence in probability. Let X be an arbitrary
set and B be a o-algebra of subsets of X.

Definition. The o-additive mapping p: B — Lo is called a stochastic measure (SM).

The review of results concerning the properties of SMs and integrals with respect to SMs is
given in the talk. The detailed theory of SMs may be found in [3].

Further, let SM p defined on the Borel o-algebra of R.

Theorem. ([3|) Let the process pu(t) = p([0,t]), 0 < t < 1, have continuous paths. Then for
any 1 < p < 400, 0 < a <min{l/p,1/2} the trajectory u(t) with probability 1 belongs to the Besov
space By ([0, 1]).

Also, it was proved that, under some assumptions, the process u(t), 0 < t < T, admits a
Fourier series expansion, see [3].

We consider the stochastic equation

u 2u
aé_t = % + f(t,z,u(t,z)) + Z—i(t,x,u(t,x)) + J(t,x)g—g, u(0,x) = ug(x) (1)
where (t,z) € [0,T] x R. If f = 0 and g(z,t,v) = v?/2, then (1) is the Burgers equation, for
g = const, we get the heat equation.

Under some assumptions on elements of (1), it was proved that this equation has a unique
mild solution which is continuous with values in L%(R), see [4]. The averaging principle for (1)
was proved.

The parabolic equation driven by SM, defined on sets of space variables, was considered in [1].
The heat equation on a bounded domain in R™ with SM, defined on sets of time variable, was
studied in [2].

Also, the symmetric integral of the form S(QT] f(pe,t) o duy, f € CH(R?), was defined. We
prove the statement about the existence and uniqueness of a solution to the equation

odX; =o(Xy) o duy + b( Xy, t)dt, 0<t<T.

Acknowledgements. This research was partially supported by Alexander von Humboldt Foundation,
grant no. 1074615.
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ASYMTOTICS OF THE NUMBER OF AUTOMATA OVER A BINARY
ALPHABET THAT GENERATE (IN)FINITE GROUPS

A. V. Russyev'
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
andriyrussyev@knu.ua

Let X be a finite non-empty set. Denote by X* the set of all words over the alphabet X
including the empty word A. The length of word w € X* is denoted by |w].

A finite invertible automaton A over the alphabet X is a tuple A = (X, Q, ¢, \), where @ is a
finite set of states, p : Q) x X — @ is a transition map, A : Q x X — X is an output map, and for
each state ¢ € (), the map 7, : X — X given by 7,(z) = A\(g, z) is a permutation. The automaton
A is called degenerate if there exists a permutation p such that m, = p for all states ¢ € Q.

The transition and output maps of the automaton A can be extended to the set () x X*. For
ge @, we X* and r € X we set

o(q,wz) = p(p(q,w), ), e(q,\) = q,
Mg, wz) = Mg, w)A(p(q, w), ), g, A) = A

The extension of the output map defines a map f, : X* — X* for every state ¢ € () given by
fqo(w) = A(g,w). The group generated by the set {f, : ¢ € Q} is denoted by G(A) and called the
automaton group generated by A.

The nucleus of the automaton A is a subset of the set ) defined by

N(A) = ﬂ{@(q,w):qu,weX*,|w| >n}.

n=0

Theorem 1 ([1]). Let A = (Q, X, v, \) be an invertible automaton over a binary alphabet X
such that N'(A) = A. Suppose that there exist states q1,q2 € Q and letters xq,x9 € X such that
o(qr,z1) = ©(qa, 2) and my, # 7g,. Then G(A) is infinite.

Let A, be the set of invertible automata with n states and non-degenerate nucleus over the
binary alphabet {0, 1} and let F,, be its subset of automata A such that N'(A) do not satisfy the
conditions of Theorem 1.

Theorem 2. lim | Ful/|An| = 0.

1. Russyev A. Infiniteness of groups of automata over a binary alphabet. International Mathematical
conference: Abstractsof talks. — Mykolayiv: 2012. — June 13-19. — P. 75.
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PSEUDODIFFERENTIAL EQUATIONS WITH DEGENERATION FOR
RADIAL FINCTIONS OF p-ADIC ARGUMENT

M. V. Serdiuk!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
maritaserdiuk@Qknu.ua

Let aw > 0, v > 0. We consider the problem

[ty (D% u)([tlp) = f(It]p, ulltp)), 0 # 1€ Qp, (1)

u(0) = up, (2)
where i
(D*e)(0) = 7o [l et~ )~ (o) dy
@P

is the Vladimirov-Taibleson operator of fractional differentiation on a non-Archimedean local field
Qp.
With the problem (1)—(2) we associate the integral equation

u(ltly) = wo + 1% [ - [;7F (- [ u] - )] (), (3)

where the fractional integral I is the right inverse operator of D®.
We call a solution u to the equation (3), if it exists, a mild solution to the Cauchy problem

(1)~(2).

Theorem. Suppose thaty < min(1,«) and the function f : p“ xR — R satisfies the conditions
[f([t]p, )| < M,

[ (tlp, @) = F(Itlp )| < Flo —yl,

forallt € Q,, x,y € R and some constants M, F independent ont,x,y. Then the problem (1)-(2)
has a unique local mild solution.
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NOETHERIAN BOUNDARY VALUE PROBLEM FOR A SYSTEM OF
DYNAMIC EQUATIONS ON A TIME SCALE

T. V. Shovkoplias'
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
1zagmat.tetyanal Qknu.ua

A linear Noetherian boundary value problem for a system of second-order dynamic equations
is considered on a time scale

(Pt (t))® — Q(t)x(t) = f(x),t € [a,b]r. (1)

lx(-) = a,a€ R™. (2)

This boundary value problem is considered in the case when the operator of the linear part is
irreversible, that is the number of boundary conditions of the problem and the dimensionality of the
system of dynamic equations are different (such boundary value problems are called Noetherian).

In order to establish the solvability conditions of the boundary value problem under consider-
ation, the apparatus of the theory of pseudoinverse matrices is used.

A connection is established between the solvability condition of the dynamical system and the
solvability condition of the algebraic system of equations.

That is using the theory of pseudoinverse matrices, a condition for the solvability of dynamic
systems of equations has been established to which the considered boundary value problem is
redused.

In this case the solvability condition of the dynamic system of equations follows from the
solvability condition of the corresponding algebraic system of equations.

A set of solutions to the boundary value problem under consideration has been found.

Boundary value problems are considered when the number of boundary conditions is greater
than the number of unknowns of the system of dynamic equtions and vice versa.

For each of these cases, the solvability conditions of the boundary value problem under con-
sideration are established and its solutions are found.

The results presented are based on the results obtained earlier in [1, 2.
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SYNTHESIS OF OPTIMAL CONTROL FOR A WAVE EQUATION WITH
DISSIPATION

A. V. Sukretna!
!Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
sukretna.a. v@knu.ua

The problem of constructing optimal control in the form of feedback (or synthesis) for dis-
tributed systems in a closed form, on the one hand, requires a solution from the practical point
of view, and on the other hand, cannot be solved in the general case. The practical benefit of
such tasks is quite clear, since feedback control allows to carry out flexible control of various tech-
nological processes, and this control can be chosen as optimal from the point of view of one or
another criterion, and the presence of a closed formula for control allows for the implementation
of control influence in real time. As for the possibility of obtaining such controls from a mathe-
matical point of view, unfortunately, the existing mathematical methods, which are based on the
dynamic programming method of R. Bellman and the method of variational inequalities of J.L.
Lions, allow bringing the problem to the final formula of optimal synthesis only in some cases.
Thus, when applying the dynamic programming method, we come to boundary value problems for
Riccati-type equations, and the variational inequality method allows us to construct the necessary
optimality conditions in terms of the direct and adjoint problems, leaving out of our attention
the ways of solving the resulting system. In light of the above, the construction of the optimal
synthesis law in a form reduced to a formula even for a separate class of optimal control problems
for a distributed system is a relevant problem that is solved in this work for the optimal control
problem, in which the controlled process is described by a boundary value problem for the wave
equation with dissipation, and the quality criterion is semi-definite:

yi(x,t) + 2yys (x,t) = div(a%m)ﬁl(gf(x,t))) + ¢*(z)v(t), z€eQcR™ te (to,T);
y(z,t) =0, xe€dQ, telty,T];
yi(a,to) = (), yi(x,to) = ¢ilz), wel)

vel = {U € Lato,T) : |o(t)| < € LA fa [tO,T]};

T) = o Sy ai @)y (e, T )+ B( Sy i@y (e )z — )+ 51 v2(1)dt — i

Here a® = a°(z) — is a measurable symmetric matrix of dimension n x n that satisfies the conditions
of uniform ellipticity and boundedness, ¢°, 95, ¢5, ¢ € La(R2), 5 € HJ (), a,8 >0, a+ B # 0,
v >0, Yo, 1 €R, tg =0, T >ty — arbitrary fixed points of time.

For the considered problem, in the case when the control does not reach the restriction, the law
of optimal synthesis is constructed in an explicit form. However, the coefficients of this synthesis
are expressed in terms of infinite series, which is not convenient for practical calculations in
real time. In addition, the presence of the parameter ¢, which can enter the boundary value
problem irregularly, can also significantly complicate these calculations. Therefore, the problem
of constructing an approximate control with feedback that would implement a close (in the sense
of the quality criterion) behavior of the controlled system naturally arises, therefore the law of
approximate averaged synthesis is also proposed and substantiated.

1. Sukretna A. V. Approximate synthesis of optimal restricted control for a parabolic process (in
Ukrainian). Bulletin of the Taras Shevchenko National University of Kyiv. Mathematics. Mechan-
ics, 2012, 28, 48 — 52.

29



GENETIC ALGORITHMS FOR NUMERICAL ANALYSIS PROBLEMS
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Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
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A genetic algorithm (GA) is a modern powerful tool for solving multiparametric optimization
problems. The idea of GA consists in computer organization of an evolutionary process of creation,
modification and selection of the best solutions (in terms of GA — individuals) aimed at obtaining
new better options of problem solution. Each individual in GA is encoded in the form of a string (a
chromosome). Each chromosome is composed of genes which contain information on the relevant
parameters of solution.

GA starts with an initial population of randomly generated chromosomes. At each iteration,
three basic operations — selection, crossover, and mutation — are applied over the current popu-
lation to yield a new population of chromosomes. This cycle is repeated until some termination
criterion is achieved, at which time the best chromosome achieved is generally taken as the solution
to the optimization problem. The value of fitness function is the quality estimation of solution
encoded in genome. This basic framework can be modified to specifically address the problem of
interest.

The continuous and the binary techniques are the main types of genetic algorithms that could
be employed for an optimization problem. In most cases the continuous GA, which uses the direct
representation of chromosome genes in the form of real numbers, is inherently faster than the
binary GA, because the chromosomes do not have to be decoded prior to the evaluation of the
fitness function.

The effectiveness of GA has been demonstrated in solving various problems from scientific
fields. We used the continuous GA for solving boundary value problems for ordinary differential
equations, for differential equations of elliptic and hyperbolic types, and for Cauchy problems.

We also used GA to solve Fredholm integral equations of the second kind, namely, to ap-
proximate kernel of the integral equation by sums of a finite number of products of functions of
one variable and to obtain optimal parameters of an approximate solution of the linear integral
equation by minimizing its integral residual.

In addition, we used the genetic algorithm and a differential evolution algorithm, which is
one of the possible "continuous" modifications of GA, to solve some numerical analysis problems,
namely, to seek approximate solutions of inconsistent overdetermined systems of transcendental
equations with using different norms of residual errors, to compute optimal knots for piecewise
minimax approximations by polynomials and fractional rational functions; to seek coefficients and
errors of minimax approximations by nonlinear one-variable functions, to obtain the best uniform
approximations of many-variables functions, to find optimal parameters of empirical formulas of
several variables, to seek optimal knots of minimax approximations by polynomial splines with
free knots, to compute coefficients and errors of minimax approximations by polynomial splines
with fixed knots.

Genetic algorithms have some advantages: they search for solution directly from a whole
set of points — population of individuals, use only the values of fitness function without any
information on a function behavior, are relatively resistant to hinting local optima and simple in
implementation.
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COMPARISON OF ERGODIC ESTIMATES FOR PARAMETERS OF
MIXED FRACTIONAL BROWNIAN MOTION IN THE ABSENCE AND
PRESENCE OF A TREND
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We consider the following mixed fractional Brownian motion with trend
X, =0t + oW, + kB[, te[0,T], (1)

where W is a Wiener process, B is a fractional Brownian motion with Hurst index H € (0, 1),
B is independent of W. And we consider the case without trend (§ = 0):

X, =oW,+xB, te[0,T]. (2)

Our goal is to compare ergodic estimates for the parameters of those two models. Following [1],
we introduce the next four statistics:

N-—
2
Z (h+)h — Xkn)

X 1 ¢ .
on =" = Z (Xoeron = Xin) - &= 5 =

1
N Z te+2n = Xin) (Xkrayn = Xowrom)

and consider the following estimators for the parameters (6, H, 0%, x2):

A ON 1 (v — 49%

Oy = —, Hy=-1 -

N h7 N 9 Og2+ nN_Qb?V’
A2 77N_¢?\/ Az_l 2 ~2 1 2H
Ky = hQﬁN(22ﬁN_1 B 1)> On = h <£N _¢N - /iNh N)

The provided estimates are strongly consistent for both models, but the asymptotic normality for
model (1) holds with H € (0, 3) [2] and for model (2) holds with H € (0,3) U (3, 2) [3]; therefore,
the model with trend is not a d1rect generalisation of the model without trend.
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ROBUST STABILITY FOR REACTION-DIFFUSION SYSTEMS
WITHOUT UNIQUENESS

T. V. Yusypiv!
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In a bounded domain €2 < R™ we consider the following Reaction-Diffusion system

{yt=aAy—f(y)+h($)+d, reQ, t>0, 1)

y|6Q = OJ

where y = y(t,z) = (y'(t,2),....,y"(t,z)) is unknown vector-function, f = (f*, ..., fY), h =
(hY,...,hN) are given functions, a is real N x N matrix with positive symmetric part %(a+a*) > pul,
p>0,d=(d",...,dV) is an external disturbances.

We assume that h € (L*(Q))Y, and there exist constants C;,Cy, C3,Cy > 0, v; > 0, p; = 2,
for i = 1, N, and g(y) = (9)Y,_; (a given matrix-valued function), such that for all v € R the
following properties hold:

N ' v; N ' N ' ' N 4
SF@)FT <+ Y ), S = Sl - s, (2)
=1 =1 =1 =1
N .o
lg)P == Y 1g9()P < Cs, Df(v) = Cu. (3)

3,j=1

Let H = (L*(Q)Y, |d|s = esssup |d(t)|m, © is a global attractor generated by semigroup
20

SRy x H— H, S(t,y) = {y(t)| y(-) is a global weak solution of undisturbed case (d = 0)
of 1 such that y(0) = yo}, |yle = gg(g ly — 0|z and well-known function comparison classes:
K = {y e C(Ry)|y(0) = 0,7 is strictly increasing}, KL = { € C(R.-R,)|5(-,t) € I, B(s,-) \\ 0}.
Theorem. The problem (1):
(i) (see [1]) with f € C(RY;RY), d = d(t,x) € L®(R,,H) under condition (2) satisfies the
asymptotic gain (AG) property with respect to ©, i.e., there exist Ry > 0, and v € K such that
Vyo € H, V|d|» < Ro o
i Jy(t. 3o, D)o < 7(Jdl0):

(ii) (see [2]) with f € CHRY;RY), d = g(y)d(t), d(t) € L°(Ry, H) under conditions (2), (3)
satisfies the locally ISS with respect to O, i.e., there exist r > 0, € KL, and v € K such that
Vol g <7, Vdlleo <7

ly(t, o, d)lle < B(lwolle,t) +y(ld]|x), = 0.
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