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Locally matrix algebras
Oksana Bezushchak

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
bezushchak@knu.ua

Let F be a ground field. An associative F -algebra A is called a locally matrix algebra if for
each finite subset of A there exists a subalgebra containing this finite subset which is isomorphic
to the matrix algebra MnpF q for some n.

We will start with a survey of abstract theory of locally matrix algebras, and we will discuss
the tensor decompositions of locally matrix algebras and their Steinitz invariants.

Special attention will be paid to the properties of their automorphisms groups and their Lie
algebras of derivations. We also describe automorphisms and derivations of Mackey algebras
and Mackey groups. In particular, we describe automorphisms of all infinite simple finitary
torsion groups (in the classification of J.Hall) and derivations of all infinite-dimensional simple
finitary Lie algebras (in the classification of A.Baranov and H.Strade).

1. Bezushchak O., Oliynyk B., Unital locally matrix algebras and Steinitz numbers, J.Algebra
Appl., 2020, V.19, no.9.

2. Bezushchak O., Oliynyk B., Primary decompositions of unital locally matrix algebras, Bull.
Math. Sci., 2020, V.10, no.1.

3. Bezushchak O., Spectra of locally matrix algebras, Algebra Discrete Math., 2021, V.31, no.1,
P.17-36.

4. Bezushchak O., Derivations and automorphisms of locally matrix algebras, J. Algebra, 2021,
V.576, P.1-26.

5. Bezushchak O., Automorphisms and derivations of algebras of infinite matrices, Linear Algebra
Appl., 2022, V.650, P.42-59.

6. Bezushchak O., Derivations of Mackey algebras, Carpathian Math. Publ., 2023, V. 15, no.2,
P.559-562.
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Long-Time Behavior of a Stochastic Models of Population
Dynamics with Jumps

O.D. Borysenko1

1Taras Shevchenko National University of Kyiv,
Mech.-Math. Faculty, Department of Probability Theory, Statistics and Actuarial

Mathematics
borysenko13101953@gmail.com

In this report, we consider the non-autonomous stochastic models of population dynamics
driven by stochastic differential equations or by the system of stochastic differential equati-
ons with white noise, centered and non-centered Poisson noises. So, we take into account not
only “small” jumps, corresponding to the centered Poisson measure, but also the “large” jumps,
corresponding to the non-centered Poisson measure. The coefficients of corresponding stochastic
logistic differential equations do not satisfy the linear growth condition but satisfy the local
Lipschitz condition. Therefore, there exists a local solution to the corresponding stochastic
differential equations. In the cases of the mutualism model and predator-prey model the coeffi-
cients of corresponding stochastic differential equations satisfies neither the local Lipschitz
condition nor the linear growth condition. The solution of corresponding stochastic differential
equations must be positive because they represent the size of the population. We presented the
theorems on the existence and uniqueness of a global, positive solution to the corresponding
stochastic differential equation and system of stochastic differential equations.

For considered models we derived sufficient conditions of stochastic permanence, non-
persistence in the mean, weak and strong persistence in the mean and extinction of the populati-
ons.

REFERENCES

1. D. Borysenko and O. Borysenko, Explicit form of global solution to stochastic logi-
stic differential equation and related topics, Statistics, Optimization and Information
Computing, vol.5, no.1, pp. 58-64, 2017.

2. O.D. Borysenko and D.O. Borysenko, Non-autonomous stochastic logistic differenti-
al equation with non-centered Poisson measure, Bulletin of Taras Shevchenko National
University of Kyiv, Series: Physics & Mathematics, no.4, pp.9 – 14, 2017.

3. O.D. Borysenko and D.O. Borysenko, Persistence and extinction in stochastic non-
autonomous logistic model of population dynamics, Theory of Probability and Mathemati-
cal Statistics, no.99, pp. 67 – 75, 2019.

4. Olg. Borysenko and O. Borysenko, Long-time behavior of a nonautonomous stochastic
predator-prey model with jumps, Modern Stochastics: Theory and Applications,
vol. 8, no. 1, pp. 17–39, 2021.

5. O.D. Borysenko and D.O. Borysenko, Asymptotic Behavior of a Solution of the
Non-Autonomous Logistic Stochastic Differential Equation, Theory of Probability and
Mathematical Statistics, no.101, pp. 39 – 50, 2020.

6. Olg. Borysenko and O. Borysenko, Stochastic two-species mutualism model with jumps,
Modern Stochastics: Theory and Applications, vol. 7, no. 1, pp. 1–15, 2020.
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7. O.D. Borysenko and D.O. Borysenko, Stochastic permanence of solution to stochastic
non-autonomous logistic equation with jumps, Bulletin of Taras Shevchenko National
University of Kyiv, Series: Physics & Mathematics, no.1, pp.9 – 12, 2019.

8. Olg. Borysenko and O. Borysenko, A note on a strong persistence of stochastic predator-
prey model with jumps, Statistics, Optimization and Information Computing, Submitted,
2021.

9. Olg. Borysenko and O. Borysenko, Dynamics of the predator-prey model with Beddington-
DeAngelis functional response perturbed by Lévy noise, Statistics, Optimization and
Information Computing, Submitted, 2021.
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On some conditions for second moduli of continuity
A. V. Chaikovskyi

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
chaikovskiyav@ukr.net

Let C2π be the class of all continuous 2π-periodical real functions, which are defined on R,
UCpRq – the class of all uniformly continuous real functions which are defined on R.

Second module of continuity
¯

for a function f : R Ñ R is the function

ω2pf, hq “ sup
tPr0,hs

sup
x PR

|△2
tfpxq|, h ě 0,

The problem of a simple characterization of all functions which are second moduli of conti-
nuity for functions that belong to one the mentioned classes is open and appeared to be hard to
solve. Some characterizations up to order equivalence were obtained in the works of I. Shevchuk
and V.Geit.

So the problem of obtaining of necessary or sufficient conditions on function to guarantee
that it is a second module of continuity is interesting and actual. V. Geit obtained one such
sufficient condition:

Theorem (V.Geit) A function φptq, 0 ď t ď π is the second module of continuity for a
function from the class C2π, if:
a) φp0q “ 0;
b) φ – nondecreasing and continuous on r0, πs;
c) even and 2π–periodical continuation φ̂ of the function φ fulfill the condition

|△2
t φ̂pxq| ď 2φp|t|q, x P R, |t| ď π.

Geit mentioned that the question about correctness of inverse statement was open. Here are
answers for that question for both mentioned spaces.

Theorem 1. There are a function φ, which is the second module of continuity for some
function from the class C2π, such that even 2π-periodic continuation φ̂ of the function φ from
the segment r0, πs for some x0 ą 0, t0 ą 0 fulfill the condition

△2
t0
φ̂px0q ą 2φp|t0|q.

Theorem 2. There are a function φ, which is the second module of continuity for some
function from the class UCpRq, such that the even continuation φ̂ of the function φ for some
x0 ą 0, t0 ą 0 fulfill the condition

△2
t0
φ̂px0q ą 2φp|t0|q.

1. Shevchuk, I.A. Approximation by Polynomials and Traces of Functions Continuous on a Segment
[in Russian] (1992) Naukova Dumka, Kiev.

2. Geit, V.E. On the functions that are second moduli of continuity (1998) Izv. Vyssh. Uchebn.
Zaved., Ser. Mat., 9, pp. 38-41.
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Evolutionary equations for the system of hard
spheres

I. V. Gapyak1

1Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
ihapiak@knu.com

This talk discusses with the mathematical problems of the description of the evolution
of many hard spheres based on various ways of describing their state, namely by means of
functions describing the propagation of correlations. One of the developed approaches allows
one to describe the evolution of both a finite and an infinite average number of hard spheres
using reduced distribution functions or reduced correlation functions, which are determined by
the dynamics of correlations of a hard-sphere system [1], [2]. We note the importance of the
description of the processes of the creation and propagation of correlations, in particular, it is
related to the problem of the description of the memory effects in many-particle systems with
collision dynamics.

It was established that the notion of cumulants of the groups of operators underlies
nonperturbative expansions of solutions for the fundamental evolution equations describing
the state evolution of a hard-sphere system, namely, of the Liouville hierarchy for correlati-
on functions, of the BBGKY hierarchy for reduced distribution functions and of the nonli-
near BBGKY hierarchy for reduced correlation functions, as well as it underlies the kinetic
description of infinitely many hard spheres [1], [2]. We emphasize that the structure of obtai-
ned expansions for correlation functions, in which the generating operators are the cumulants
of the corresponding order of the groups of operators of hard spheres, induces the cumulant
structure of series expansions for reduced distribution functions, reduced correlation functions
and reduced correlation functionals. Thus, the dynamics of systems of infinitely many hard
spheres is generated by the dynamics of correlations.

The origin of the collective behavior of a hard-sphere system on a microscopic scale was
described by means of a one-particle correlation function that is determined by the non-
Markovian Enskog kinetic equation. The advantages of such an approach to the derivation of
kinetic equations from underlying collisional dynamics consists of an opportunity to construct
the kinetic equations with initial correlations, which makes it possible to describe the propagati-
on of initial correlations in the Boltzmann-Grad limit [3]. Another advantage of this approach
is related to the rigorous derivation of the Boltzmann equation with higher-order corrections
to the main term of the Boltzmann-Grad asymptotics of collisional dynamics.

1. Gerasimenko V. I., Gapyak I. V. Propagation of Correlations in a Hard-Sphere System. Journal
of Statistical Physics, 2022, 189, 1, 24 p.

2. Gerasimenko V. I., Gapyak I. V. Modern problems of mathematics and its applications.
Transactions of Institute of Mathematics, the NAS of Ukraine. – Kyiv, 2023, 75 p.

3. Gerasimenko V.I., Gapyak I.V. Boltzmann-Grad asymptotic behavior of collisional dynamics,
2021, Reviews in Math. Phys. 33, 32 p.
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The coupling method application to the study of
stability of time-inhomogeneous Markov chains

V. V. Golomoziy1

2Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
vitaliy.golomoziy@knu.ua

The coupling method is a powerful tool for studying the stability of homogeneous Markov
chains. The typical stability problem requires estimating a norm

||P pXn P ¨|X0 “ xq ´ P pXn P ¨|X0 “ yq||

which is a difference of n-steps transition probabilities for the chain starting with different initial
points. We modified the method to study the stability of two different time-inhomogeneous
processes.

||P pXn P ¨|X0 “ xq ´ P pX 1
n P ¨|X 1

0 “ yq||.

Estimating such a norm is important for both x “ y and x ‰ y.
The key tools in establishing an estimate for such a norm are renewal theory and recurrent

moment estimation. For example, the existence of the exponential moment ExrβσC s, where
β ą 1 some constant and σC is the first return time to the set C is enough to prove that
n-steps transition probabilities remain close even for two different chains provided a proximity
of one-steps probabilities.

The following condition is a generalized classical Foster-Lyapunov criterion, and we proved
that it guarantees the existence of such moment to a time-inhomogeneous chain.
We say that a sequence of Markov kernels pPtqtě0 satisfies Condition (D) with the set C if:
1. There exists a sequence of positive integers tnk, k ě 1u, a sequence of measurable functions
Vk : E Ñ r1,8s and two sequences of positive constants tλk, k ě 0u, and tbk, k ě 0u such that
for all x P E

PNk,nk`1Vk`1pxq ď λk`1Vkpxq ` bk⊮Cpxq, (1)

where Nk “
k

ř

j“1

nj, k ě 1.

2. Sequence tλk, k ě 0u defined in item 1., satisfies

8
ÿ

k“0

˜

k
ź

j“0

λj _ 1

¸´1

p1 ´ λkq
`

“ 8.

Here a _ b “ maxta, bu, and a` “ maxta, 0u.

1. V. Golomoziy "Computable Bounds of Exponential Moments of Simultaneous Hitting Time for
Two Time-Inhomogeneous Atomic Markov Chains". In: Malyarenko, A., Ni, Y., Rančić, M.,
Silvestrov, S. (eds) Stochastic Processes, Statistical Methods, and Engineering Mathematics .
SPAS 2019. Springer Proceedings in Mathematics and Statistics, Vol.408, Iss. pp. 97 - 119, -
2023

2. V. Golomoziy "Exponential moments of simultaneous hitting time for non-atomic Markov chai-
ns". Glasnik Matematicki, Vol.57, Iss.1 pp. 129 - 147, - 2022
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On monogenic inverse semigroup and semigroup of
partial automorphism of a rooted tree

E. Kochubinska
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

ekochubinska@knu.ua

An inverse semigroup is a semigroup S with the property that for every element a P S there
is a unique b P S such that

aba “ a and bab “ b.

Let A be a nonempty alphabet. We extend

´1 : A Ñ A´1 : a ÞÑ a´1

pa´1
q

´1
“ a, puaq

´1
“ a´1u´1

pu P A˚; a P Aq.

The free inverse semigroup on A is the quotient

FISpAq “ A˚
{ν,

where ν is the congruence on A˚ generated by the relation

tpww´1w,wq|w P A˚
u Y tpuu´1vv´1, vv´1uu´1

q|u, v P A˚
u.

If A “ tau, then we have free inverse semigroup.
Let Ω be a non-empty set. We consider the set of all partial one-to-one mappings. It forms

an inverse semigroup under natural composition law. Denote by ISpΩq the inverse semigroup
of all partial one-to-one mappings on Ω.

A partial one-to-one mapping f P ISpΩq is called:

• a finite cycle of length k ě 1, if dom f “ tω1, . . . , ωku and

fpω1q “ ω2, . . . , fpωk´1q “ ωk, fpωkq “ ω1;

• an infinite cycle, if dom f “ tωi : i P Zu and

fpωiq “ ωi`1, i P Z;

• a finite chain of length k ě 0, if dom f “ tω1, . . . , ωku and for some ωk`1

fpω1q “ ω2, . . . , fpωkq “ ωk`1, fpωk`1q “ ∅;

• an infinite left chain, if dom f “ tωi : i P Nu and

fpω1q “ ∅, fpωiq “ ωi´1, i ě 2;

• an infinite right chain, if dom f “ tωi : i P Nu and

fpωiq “ ωi`1, i ě 1.

8



Every partial mapping f from ISpΩq can be is uniquely represented as a product of disjoint
finite or infinite cycles, and/or a finite or infinite chains.

Theorem. Let Ω be an infinite set, f P ISpΩq. The following statements are equivalent:

1. the inverse subsemigroup generated by f is monogenic free inverse;

2. for arbitrary n ě 1 there exist ω1, ω2 P Ω such that fnpω1q P dom f, f´npω2q P ran f , but
fn`1pω1q R dom f, f´pn`1qpω2q R ran f ;

3. the cycle–chain decomposition of f contains infinite left and right chains or for arbitrary
n ě 1 a finite chain of length greater than n.

1. Ganyushkin O., Mazorchuk V. Classical finite transformation semigroups. Springer-Verlag, 2009.
2. M. Petrich. Inverse semigroups. John Wiley & Sons, Inc., 1984.

9



One generalization of Caushy theorem to the case
of differentiable functions of several parameters

O. O. Kurchenko1

1Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
oleksandrkurchenko@knu.ua

Let t “ pt1, t2, . . . , tmq , h “ ph1, h2, . . . , hmq , hi ą 0, 1 ď i ď m; Π “ rt1, t1 ` h1s ˆ . . . ˆ

rtm, tm ` hms be the m–dimensional parallelepiped in the Rm; f : Π Ñ R be the real function
of the m real variables.

We define the increment of a function f on a parallelepiped Π by the equality

∆Πf “ p´1q
m

1
ÿ

α1“0

. . .
1

ÿ

αm“0

p´1q
α1`...`αmf pt1 ` α1h1, . . . , tm ` αmhmq .

Theorem 1. Let Π “ ra1, b1s ˆ ra2, b2s ra1, b1s . . . ram, bms be the parallelepiped in the Eucli-
dean space Rm; the functions f, g : Π Ñ R satisfy these conditions:

1. f, g P CpmqpΠq;

2. @x “ px1, x2, . . . , xmq P Π : Bmgpx1,x2,...,xmq

Bx1Bx2...Bxm
‰ 0.

Then there is a point ξ “ pξ1, ξ2, . . . , ξmq P Π, that

∆Πf

∆Πg
“

Bmfpξ1,ξ2,...,ξmq

Bx1Bx2...Bxm
Bmgpξ1,ξ2,...,ξmq

Bx1Bx2...Bxm
.

This theorem generalizes Caushy theorem for differentiable functions to the case of m times
continuously differentiable functions of the m variables.

1. Kurchenko O. O., Syniavska O. O. Four theorems for differentiable functions of several variables.
Scientific Bulletin of Uzhhorod University. Series of Mathematics and informatics, 2023, Vol. 42,
No 1, P. 56–65.
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On the asymptotic analysis of unstable solutions of
stochastic differential equations in the creative

scientific works of G. L. Kulinich
S. V. Kushnirenko1

1Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
bksv@ukr.net

Let ξ be the solution of the stochastic differential equation

ξptq “ x0 `

t
ż

0

a pξpsqq ds ` W ptq, t ě 0, p1q

where W “ tW ptq, t ě 0u is a Wiener process, a “ apxq is a continuous, absolutely integrable
on the whole axis function with

ż

R

apxq dx “ λ. p2q

The problem (1) – (2) can be considered as the description of an external perturbation
by the coefficient a of the physical environment described by the Wiener process. In parti-
cular, under the condition λ ‰ 0 we can assume that at the initial point x “ 0 an energy
source of a high power is implemented in a homogeneous environment. The main motivation
for considering of our model (1) and (2) is the fact that it can be used in the mathematical
description of anomalous phenomena. This is, for example, underwater volcanic eruptions or
nuclear explosions, tsunamis, tornadoes and other turbulence, while in the classical case, the
motion of a Brownian particle in “smooth” media is considered.

A new asymptotic method of the investigation such a model was proposed by G. L. Kulinich
and the first results in this direction were obtained in the paper [1]. Similar problems for
unstable solutions of systems of stochastic differential equations are considered, for example,
in the papers [2], [3] and [4]. On the earliest stages of his research, G. L. Kulinich was inspired
and directed by his teacher A. V. Skorokhod, whose ideas influenced the overall content of the
book [5].

1. Kulinich, G. L.: On the limit behavior of the distribution of the solution of a stochastic diffusion
equation. Theory Probab. Appl. (1967) 12, No. 3, 497–499.

2. Kulinich, G. L., Kushnirenko, S. V. and Mishura, Y. S.: Asymptotic behavior of homogeneous
additive functionals of the solutions of Itô stochastic differential equations with nonregular
dependence on parameter. Modern Stochastics: Theory and Appl. (2016) 3, No. 2, 191–208.

3. Kulinich, G. and Kushnirenko, S.: Asymptotic behavior of functionals of the solutions to
inhomogeneous Itô stochastic differential equations with nonregular dependence on parameter.
Modern Stochastics: Theory and Appl. (2017) 4, No. 3, 199–217.

4. Kulinich, G. L., Kushnirenko, S. V. and Mishura, Y. S.: Weak convergence of integral functionals
constructed from solutions of Itô’s stochastic differential equations with non-regular dependence
on a parameter. Theor. Probab. Math. Stat. (2018) 96, 111–125.

5. Grigorij Kulinich, Svitlana Kushnirenko and Yuliya Mishura: Asymptotic Analysis of Unstable
Solutions of Stochastic Differential Equations. Vol.9, Bocconi & Springer Series, Mathematics,
Statistics, Finance and Economics, 2020. – 240 p.
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Wiener-Hopf systems in the problems
of the plane theory of elasticity

A. V. Loveikin1

1National Taras Shevchenko University of Kyiv, Kyiv, Ukraine
andrii.loveikin@knu.ua, anlov1974@gmail.com

In this report we consider the Wiener-Hopf system of special form, that is used to solve the
problem of the theory of elasticity if the half-plane y ą 0 with the cut lying at an angle to the
fixed boundary y “ 0.

If we separate the half-plan along the straight half-line, that include the cut, we obtain
two sub-domains Ω1 “ tρ ą 0, 0 ă φ ă αu and Ω2 “ tρ ą 0, α ă φ ă πu, 0 ă α ď π{2 is
the cut slope angle, ρ, φ are the polar coordinates. Next we need to find the solutions of the
Lame equations in each sub-domain and these solutions must satisfy boundary conditions for
the displacement vector components on the boundary y “ 0, boundary conditions for the stress
tensor components on the cut and conjugate conditions on the cut prolongation. The solutions
are built in the Papkovich-Neiber form using the Melline integral transform. After fulfilling all
the conditions the problem is reduced to the system of Wiener-Hopf functional equations in a
complex plane

Y⃗´ppq ´
1

p ` 1
P⃗0 “ ´

p

sinpπpq
MppqX⃗`ppq, |Re p| ă ε ď 1, p1q

where Y⃗´ppq P A pRe p ă εq , X⃗`ppq P A pRe p ą ´εq are unknown vector-functions with known
behavior, when p Ñ 8; P⃗0 is a known vector, that describes the stresses’ distributions on the
cut.

The matrix Mppq has the special form and can be written in so called "trigonometric form"

Mppq “ appqE ` bppqJppq “
a

detMppq

˜

cos θppq ¨ E `
sin θppq
a

δppq
¨ Jppq

¸

,

where a, b P A p|Re p| ă εq are known functions, E is the unit matrix of 2x2 size, Jppq is a
matrix with polynomial elements and J2ppq “ ´δppqE, δppq is the even polynomial of the
2nd degree, δppq ‰ 0, when |Re p| ă ε, detMppq “ a2ppq ` b2ppqδppq ‰ 0, if |Re p| ă ε,

θppq “ 1
2i
ln

appq`ibppq
?
δppq

appq´ibppq
?
δppq

P A p|Re p| ă εq.

The main step of the system (1) solving is the matrix M factorization

Mppq “ M´ppq ¨ M`ppq, |Re p| ă ε,

where M´ppq P A pRe p ă εq and M`ppq P A pRe p ą ´εq. The matrix factorization is more
complex problem, then a function one. But in this case we can represent matrices M˘ppq in
the same trigonometric form. Then the matrix M factorization problem transforms into the
factorization problem for functions

?
detM and θ. It makes possible to solve the Wiener-Hopf

system (1) in complete form.
The found solution of the system (1) gives us the complete solution of the problem of the

theory of elasticity and makes possible to describe the stress distributions near the cut, to find
the singularity at the end of the cut, that lies on the half-plane bound.

1. Loveikin A. V. Equilibrium of an Elastic Half Plane with Rigidly Fixed Boundary Weakened by
an Oblique Cut. Journal of Mathematical Sciences, 2022, Volume 261, Issue 1, Pages 176 - 193.
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Regression analysis of mixture with varying
concentrations
V. O. Miroshnychenko1

1Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
vitaliy.miroshnychenko@knu.ua

We continue studies of the jackknife (JK) technique application for estimation of esti-
mators’ covariance matrices in models of mixture with varying concentrations (MVC) [2, 3].
On JK applications for homogeneous samples, see [1]. In MVC models one deals with a non-
homogeneous sample, which consists of subjects belonging to different sub-populations (mi-
xture components). One knows the probabilities with which a subject belongs to the mixture
components and these probabilities are different for different subjects. Therefore, the considered
observations are independent but not identically distributed.

We consider objects from a mixture with various concentrations. All objects from the sample
Ξn belongs to one of M different mixture components. Each object from the sample Ξn “ pξiq

n
i“1

has observed characteristics ξi “ pXi, Yiq P RD and one hidden κi. κi “ m if i-th objects belongs
to the m-th component. These numbers are unknown, but we know the mixing probabilities
pmi;n “ P pκi “ mq. The Xi is a vector of regressors and Yi is a response in the regression model

Yi “ gpXi, b
pκjq

q ` εi p1q

Here bpmq P Θ P Rd is a vector of unknown regression parameters for the m-th component,
the g : RD´1 ˆ Θ Ñ R is a known regression function, εi is a regression error term. Random
variables Xi, εi are independent and their distribution is different for different components. The
estimator ˆ

b
pkq
n for the regression parameter bpkq is a measurable solution to the GEE equation

Sknpγq “

n
ÿ

j“1

akj;npYj ´ gpXi, γqq 9gpXi, γq “ 0 p2q

This equation might have more than one solution. Any of these solutions could be taken as ˆ
b

pkq
n

estimator. The symbol 9gpXi, γq means the gradient of function g by the γ term. akj;n are the
minimax weights defined in [4]. The minimax weights matrix A;n “ pakj;nq

n,M
j“1,k“1 defined using

the mixing matrix P;n “ ppkj;nq
n,M
j“1,k“1:

A;n “ pakj;nq
n,M
j“1,k“1 “ P;npP T

;nP;nq
´1

p3q

In [3] it is shown that under suitable conditions ˆ
b

pkq
n are asymptotically normal, with asymptotic

covariance matrix

V pkq
“ lim

nÑ8
pM pkq

q
´1V arSknpbpkq

qpM pkq
q

´T ;M pkq
“ ´E 9Sknpbpkq

q

In [5] it is shown that under sutable conditions the jackknife estimator JKV
pkq
n is consistent to

V pkq.

1. J. Shao and D. Tu, The Jackknife and Bootstrap, Springer-Verlag, 2012.
2. R. Maiboroda, O. Sugakova, Jackknife covariance matrix estimation for observations from mi-

xture. Modern Stochastics: Theory and Applications, Vol.6, Iss.4 pp. 495 - 513, - 2019.
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3. V. Miroshnychenko and R. Maiboroda, Asymptotic normality of modified LS estimator for mi-
xture of nonlinear regressions, Modern Stochastics: Theory and Applications, Vol.7, Iss.7 pp. 435
- 448, - 2020.

4. R. Maiboroda and O. Sugakova, Statistics of mixtures with varying concentrations with appli-
cation to DNA microarray data analysis. Journal of nonparametric statistics. 24 , No 1 201-205
(2012).

5. Maiboroda R., Miroshnychenko V., Sugakova O. "Jackknife for nonlinear estimating equations".
Modern Stochastics: Theory and Application., - 2022
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On higher order moduli of continuity which are
generated by a semigroup of operators

O. N. Nesterenko
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

nesterenkoon@ukr.net

The report was prepared based on the results obtained jointly with S. I. Bezkryla and A.
V. Chaikovskyi and published in works [1] - [3].

Let X is a linear space, tTh : h ě 0u is a one-parameter family of linear operators
Th : X Ñ X, h ě 0, which forms a semigroup, that is T0 “ I is a identity operator and
Th1`h2 “ Th1Th2 for arbitrary h1 ě 0 and h2 ě 0.

Let there be a linear set Y Ă X on which a norm || ¨ || is introduced, relative to which the
space Y is Banach space, and for all f P X and h ě 0 there is an inclusion pTh ´ Iqf P Y and
||Thf ´ f || Ñ 0, h Ñ 0. Then for any h ě 0 the operator Th : Y Ñ Y . Let also for every h ě 0
restriction of the operator Th on Y , which we denote T̃h be a continuous operator and its norm
||T̃h|| ď 1.

The modulus of continuity of an element f P X of order k P N, generated by a
semigroup tTh : h ě 0u, is the function

ωkptq :“ ωkpf, tq :“ sup
hPr0,ts

›

›

›
pI ´ Thq

k f
›

›

›
, t ě 0.

Lemma. Let f P X, ωptq :“ ωkpf, tq is the modulus of continuity of the element f P X of
order k P N, which is generated by the semigroup tTh : h ě 0u. Then:
1qωp0q “ 0; 2qω Ò on r0,`8q; 3qω P Cr0,`8q; 4qωpntq ď nkωptq for all t ě 0 and n P N.

For arbitrary functions ω : r0,`8q Ñ r0,`8q condition 4) follows from the condition:
5) the function ωptq{tk does not increase monotonically on p0,`8q.
k-majorants are functions ω : r0,`8q Ñ R, that satisfy conditions 1) - 3) and 5).
The problem of I. O. Shevchuk. Is it correct that every k-majorant given on some

segment r0, δ0s, δ0 ą 0, is a uniform modulus of continuity of the k-th order of some function?
The answer is negative. This was established by:
S. V. Konyagin, 2010: k “ 2, X “ UCpRq is the space of uniformly continuous on R functions

f : R Ñ R and pThfqpxq :“ fpx ` hq, x P R;
S. I. Bezkryla, O. N. Nesterenko, A. V. Chaikovskyi, 2012-2016: k P N, k ě 2, X is a linear

space, a module of continuity is generated by a semigroup of operators. The key point in the
proof is the inequality:

2ωkpf, ntq ď ωkpf, pn ` 1qtq ` ωkpf, pn ´ 1qtq ` 2p2k ´ 1qnk´2ωkpf, tq, t ą 0.

1. S.I. Bezkryla, O.N. Nesterenko and A.V. Chaikovs’kyi. On the third moduli of continuity //
Ukrainian Mathematical Journal, 2015, 66(10), P. 1589-1594.

2. S.I. Bezkryla, O.N. Nesterenko and A.V. Chaikovs’kyi. About the fourth module of continuity
// Scientific journal of Mykhailo Drahomanov National Pedagogical University, 2012, 13 (1), P.
45-50. (In Ukrainian.)

3. S.I. Bezkryla, O.N. Nesterenko and A.V. Chaikovs’kyi. On high orders moduli of continuity
generated by semigroups of operators // Jaen Journal on Approximation. - 2016. - V.8, No. 2. -
P. 183-190.
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Exponentiation, p-automata and HNN-extensions of
free abelian groups

A. S. Oliynyk1

1Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
aolijnyk@gmail.com

Let pG,Xq and pH, Y q be permutation groups. The wreath product of the permutation
group pG,Xq with the abstract group H is defined as

G ≀H “ trg, hpxqs : g P G, hpxq P HX
u.

The exponentiation [1] of pH,Y q by pG,Xq is the permutation group

pG ≀H,Y X
q

such that every rg, hpxqs P G ≀H acts on fptq P Y X by the rule

fptqrg,hpxqs
“ pfptgqq

hptq.

Theorem. Let p be a prime, G and H be finite p-groups faithfully acting on sets X and
Y of cardinalities pn and pm correspondingly, n,m ě 0. Then the exponentiation of H by G is
isomorphic as a permutation group to the wreath product of m ¨ pn copies of the regular cyclic
group of order p acting by automorphisms on the set of leaves of the p-regular rooted tree of
depth m ¨ pn.

This theorem is applied to show that a wide class of HNN-extensions of free abelian groups
can be generated by so-called finite p-automata.

1. F. Harary Exponentiation of permutation groups. Amer. Math. Monthly 66 (1959), 572-575.
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Centralizers of linear and Jacobian derivations
A. P. Petravchuk

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
petravchuk@knu.ua , apetrav@gmail.com

Let K be an algebraically closed field of characteristic zero, A :“ Krx1, . . . , xns the polynomi-
al ring. Recall that a K-linear map D : A Ñ A is called a K-derivation of the algebra A if
Dpfgq “ Dpfqg ` fDpgq for any f, g P A. All K-derivations of the K-algebra A form the Lie
algebra WnpKq over the field K with respect to the commutation and every element D P WnpKq

can be uniquely written in the form D “ f1B1 ` ¨ ¨ ¨ ` fnBn, where fi P A i Bi :“
B

Bxi
are partial

derivatives. Note that from the geometrical point of view, WnpKq is the Lie algebra of all vector
fields on Kn with polynomial coefficients; from the viewpoint of differential equations, with any
derivation D “ f1B1`¨ ¨ ¨`fnBn one can associate an autonomous system of ordinary differential
equations

9x “ F pxq, where x “ xptq “ px1ptq, . . . , xnptqq, F pxq “ pf1pxq, . . . , fnpxqq.

So, the structure of WnpKq is of great interest. For a given derivation D P WnpKq one can
consider its centralizer CWnpKqpDq in WnpKq, i.e the set of all elements of the Lie algebra WnpKq

that commute with D; we will denote it briefly by CWnpDq). The centralizer CWnpDq is obviously
a subalgebra of the Lie algebra WnpKq and D P CWnpDq. The problem of describing centralizers
of elements D P WnpKq is closely related to some problems from theory of differential equations
and geometry, it is solved only in some special cases (see for example, [1], [2], [3]). We study
centralizers of elements in two important classes of derivations on A, namely for linear and
for Jacobian derovations. Recall that a derivation D P WnpKq is called a linear derivation
if D “

řn
i,j“1 aijxj

B

Bxi
, aij P K. In case when the matrix paijq has the Jordan normal form

consisting of a single Jordan block, the centralizer of D in WnpKq is completely described [1].
A derivation D on the polynomial ring Krx, ys is called a Jacobian derivation if there exists
f P Krx, ys such that Dphq “ det Jpf, hq for any h P Krx, ys (here Jpf, hq is the Jacobian matrix
for f and h). Such a derivation is denoted by Df . The kernel of Df in Krx, ys is a subalgebra
Krps, where p “ ppx, yq is a polynomial of smallest degree such that fpx, yq “ φpppx, yq for
some φptq P Krts. Let C “ CW2pKqpDf q be the centralizer of Df in W2pKq. We prove that C is
the free Krps-module of rank 1 or 2 over Krps and point out a criterion of being the module
C of rank 2 [2]. These results are used to obtain a class of integrable autonomous systems of
differential equations.

[1] L.P.Bedratyuk, Ie.Yu.Chapovsky, A.P.Petravchuk, Centralizers of linear and locally ni-
lpotent derivations, Ukrainian Math. J., issue 75, N.8, 2023, pp.1043–1052. [2] D. I. Efimov,
A. P. Petravchuk, M. S. Sydorov, Centralizers of Jacobian derivations, Algebra and Discrete
Mathematics, (2023), vol. 36, no. 1, P.22-31. [3] D.R. Finston and S.Walcher, Centralizers of
locally nilpotent derivations, J. Pure and Appl. Math., 120 (1997), 39–49.
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Parameter estimation
for mixed fractional Brownian motion

K. V. Ralchenko1
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We consider the following model of mixed fractional Brownian motion with trend:

Xt “ θt ` σWt ` κBH
t , t ě 0,

driven by the Wiener process W and an independent fractional Brownian motion BH with
Hurst index H.

Two approaches for estimation of the four unknown parameters θ, σ, κ, and H from discrete
observations of the process X have been developed and compared.

The first algorithm is more traditional: the parameters σ, κ, and H are estimated using reali-
zed quadratic variations, while the estimator of the parameter θ is constructed by discretizing
the maximum likelihood estimator for the continuous-time model. Strong consistency conditions
for all estimators are established. This approach has some limitations, including the assumption
that H ă 3

4
, and some estimators have a very slow rate of convergence.

Therefore, a new method for simultaneous estimation of all four parameters has been
developed, based on the use of the ergodic theorem. The strong consistency and joint asymptotic
normality of the proposed estimators are established, with an explicit form of the asymptotic
covariance matrix.

The quality of the obtained estimators is illustrated through computer simulations, and a
comparison between the two approaches described above is performed.

A more general model is also investigated, which includes a linear combination of two
independent fractional Brownian motions with different Hurst indices. Strongly consistent esti-
mators for all parameters of this model are constructed, and their joint asymptotic normality
is proved.

The results are published in the series of four papers [1–4].

1. Kukush A., Lohvinenko S., Mishura Y., Ralchenko K. Two approaches to consistent estimation
of parameters of mixed fractional Brownian motion with trend. Stat. Inference Stoch. Process.,
2022, Vol. 25, no. 1, 159–187.

2. Ralchenko K., Yakovliev M. Asymptotically normal estimation of parameters of mixed fractional
Brownian motion. Bulletin of Taras Shevchenko National University of Kyiv. Series: Physics &
Mathematics, 2023, no. 2, 54–62.

3. Ralchenko K., Yakovliev M. Asymptotic normality of parameter estimators for mixed fractional
Brownian motion with trend. Austrian J. Statist., 2023, Vol. 52, 127–148.

4. Ralchenko K., Yakovliev M. Parameter estimation for fractional mixed fractional Brownian moti-
on based on discrete observations. Mod. Stoch. Theory Appl., 2024, Vol. 11, no. 1, 1–29.
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Existence, Uniqueness Solution and Invariant
Measure Results for Neutral FSDES in Hilbert Spaces

with Non-Lipschitz Coefficients. Controllability
A. B. Stanzhytskyi1

1Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
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We study the large time behaviour of the solutions of neutral type stochastic functional-
differential equations of the form

druptq ` gputqs “ rAu ` fputqsdt ` σputqdW ptq t ą 0;

uptq “ φptq, t P r´h, 0q, h ą 0.

Here A is an inifinitesimal generator of a strong continuous semigroup Sptq, t ě 0 of bounded
linear operators in real separable Hilbert space H. The noise W ptq is a Q-Wiener process on
a separable Hilbert space K. For any h ą 0 denote Ch :“ Cpr´h, 0s, Hq to be a space of
continuous H-valued functions φ : r´h, 0s Ñ H, equipped with the norm

∥ φ ∥:“ sup
tPr´h,0s

||φptq||H ,

where || ¨ ||H stands for the norm in H. The functionals f and g map Ch to H, and σ : Ch Ñ L2
0,

where L2
0 “ LpQ

1
2K,Hq is the space of Hilbert-Schmidt operators from Q

1
2K to H. In our

studies, the maps f and g do not satisfy the Lipschitz condition. Therefore, it is important
for applications. Finalli , φ : r´h, 0s ˆ Ω Ñ H is the initial condition, where pΩ, F, P q is the
probability space. We study the existence and uniqueness of the solution to the initial problem
without the Lipschitz condition. Then we establish the Markov and Feller properties in the
shift spaces for such equations, and using the compactness approach we establish the existence
of invariant measures in the shift spaces for such equations. The obtained abstract results are
applied to stochastic partial differential equations of the reaction-diffusion type. The issue of
approximate control of such equations is also studied.
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Sub-Gaussian storage process
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Consider a queue with a single server that receives a sub-Gaussian random source X “

tXptq, t P Bu, where B is some parametric set, for example, a finite segment ra, bs or r0, T s.
The object of study is storage process

Qptq “ sup
sPT : sďt

pXptq ´ fptq ´ pXpsq ´ fpsqqq ,

where fptq is a continuous function that reflects the intensity of queue service.
Let pB, ρq be a pseudometric compact space. Put Bt “ tu P B : u ď tu and let HBtpuq and

NBtpuq be metric entropy and massiveness on Bt.
Assumption Σ. Random process X “ tXptq, t P Bu satisfies assumption Σ if there exists

such a continuous monotone increasing function σ “ tσphq, h ą 0u that σphq Ñ 0 as h Ñ 0 and
sup

ρpt,sqďh

τpXptq ´ Xpsqq ď σphq, where τp¨q is the sub-Gaussian standard of X.

Assumption δ. Continuous function f “ tfptq, t P Bu satisfies assumption δ if |fpuq ´

fpvq| ď δpρpu, vqq, where δ “ tδpsq, s ą 0u is a nonnegative monotone increasing function.
The following statement contains the conditions for the boundedness of the storage process

Qptq and and estimate for the exponential moment of this process.
Theorem. Let Xptq “ tXptq, t P Bu be a separable sub-Gaussian process satisfying

assumption Σ, and let f “ tfptq, t P Bu be a continuous function satisfying assumptionδ.
Suppose that r “ trpuq, u ě 1u is a continuous function such that rpuq ą 0 as u ą 1 and

sptq “ rpexpttuq, t ě 0, is convex. If
β
ş

0

rpNBt pσp´1qpuqqq

pHBt pσp´1qpuqqq1{2du ă 8 then for all p P p0; 1q and x ą 0

the following inequallity holds true

P tQptq ą xu ď Zrpp, t, xq,

where Zrpp, t, xq “ inf
λą0

W1pλ, t, pq exp

"

p{2
´

λβ
1´p

¯2

` λ

ˆ

8
ř

k“2

δ
`

σp´1q
`

βpk´1
˘˘

´ x

˙*

ˆ

ˆ

˜

rp´1q

˜

λ
pp1´pq

βp2
ş

0

2rpNBt pσp´1qpuqqq

pHBt pσp´1qpuqqq1{2du

¸¸2

and W1pλ, t, pq “
`

NBt

`

σp´1qpβpq
˘˘

1
v ˆ

ˆ infvě 1
1´p

min

#˜

NBt pσp´1qpβpqq`1
ş

1

exp
!

`

vλσ
`

2xσp´1qpβpq
˘˘2

{2 ` vλδ
`

2xσp´1qpβpq
˘

)

dx

¸
1
v

ˆ

ˆ infwą1 exp

#

ψpwvλγptqq

wv
` maxuPBt

#

pw´1qψp wv
w´1

λγpuqq
wv

` λfpuq

+

´ λfptq

++

.
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Study of the dynamics of the interest rate swap
using machine learning methods

V. P. Zubchenko
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For the European financial system, the interest rate swap is a well-known mechanism to
reduce the potential effects of the risks of interest rates changes, but it is new to the Ukrainian
interbank market. Swop assumes that one party (the National Bank of Ukraine) offers the other
a floating interest rate while the other (the commercial bank) offers a fixed interest rate based on
a conditional value. The floating rate is calculated based on the Ukrainian overnight interbank
rate index (UONIA). Future cash flows are discounted at rates determined by the yield to
maturity curve for UAH domestic government bonds. The parties agree on how to calculate
the difference in interest payments within the predetermined period of time. The analysis of
the fair value of this financial instrument at future points in time is the main concern of
mathematical modeling of interest rate swap transactions. Predicting future changes in fair
value is particularly crucial when yield to maturity curve for UAH domestic government bonds
coefficients vary and when there are specific trends in the index of overnight interbank rates.
The sensitivity of the specified factors to the interest rate swap’s dynamics was investigated,
forecast of the instrument’s future dynamics based on the change in important macroeconomic
indicators using machine learning methods was developed.

1. V.P. Zubchenko, P.V.Aleksandrova “Study ofthedynamicsoftheinterestrate swapusingmachi-
nelearningmethods”. Bulletin of Taras Shevchenko National University of Kyiv Series: Physics &
Mathematics, pp. 37-41, – 2022
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