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×èñåëüíi ìåòîäè â çàäà÷àõ ìåõàíiêè. ×àñòèíà II. Ìåõàíiêà ñó-

öiëüíîãî ñåðåäîâèùà. Ðîçâ'ÿçàííÿ ãðàíè÷íèõ çàäà÷ Íàâ÷àëüíî -

ìåòîäè÷íèé ïîñiáíèê.

Êàôåäðà òåîðåòè÷íî¨ i ïðèêëàäíî¨ ìåõàíiêè Êè¨âñüêîãî íàöiîíàëüíîãî óíi-

âåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà. Óêëàäà÷: äîöåíò êàôåäðè, ê.ô-ì í. Çðà-

æåâñüêèé Ã.Ì. Êè¨â 2020. Åëåêòðîííà âåðñiÿ. 56 ñòîð. ië. 21, Áiáëiîãð.: ñ.55

Çãiäíî ç íàâ÷àëüíèì ïëàíîì iç ñïåöiàëüíîñòi �Ïðèêëàäíà ìàòåìàòèêà�,

îñâiòíüî¨ ïðîãðàìè �Êîìï'þòåðíà ìåõàíiêà�, ñòóäåíòè ìàãiñòðè 1-ãî ðîêó

íàâ÷àííÿ âèâ÷àþòü íîðìàòèâíèé êóðñ "Ñó÷àñíi ìåòîäè êîìï'þòåðíîãî àíà-

ëiçó ãðàíè÷íèõ çàäà÷". Ïiä ÷àñ ïðîõîäæåííÿ öüîãî êóðñó ñòóäåíòè ìàþòü

çàñâî¨òè ñó÷àñíi ÷èñåëüíi ìåòîäè (ïðîåêöiéíî-âàðiàöiéíi, ìåòîäè ñêií÷åí-

íèõ åëåìåíòiâ, ÌÑÅ, ìåòîäè ãðàíè÷íèõ åëåìåíòiâ) òà íàáóòè äîñâiäó â

ïðîãðàìíié ðåàëiçàöi¨ ÷èñåëüíèõ ñõåì. Öåé êóðñ ¹ ïðîäîâæåííÿì òà ïî-

ãëèáëåííÿì êóðñó �×èñåëüíi ìåòîäè â çàäà÷àõ ìåõàíiêè�, ùî âèêëàäà¹-

òüñÿ ïiä ÷àñ ïðîõîäæåííÿ áàêàëàâðiàòó. Áàçîâi çíàííÿ â ÷àñòèíi ÷èñåëü-

íèõ ìåòîäiâ âèêëàäåíi â ïîñiáíèêó �×èñåëüíi ìåòîäè â çàäà÷àõ ìåõàíi-

êè.×àñòèíà I� (http://www.mechmat.univ.kiev.ua/wp-content/uploads/

2018/03/Zrazhevsky_Calculus_Final.pdf). Ìåòîäè÷íèé ïîñiáíèê ñòâî-

ðåíî íà äîñâiäi áàãàòîði÷íîãî âèêëàäàííÿ ÷èñåëüíèõ ìåòîäiâ ñòîñîâíî äî

çàäà÷ ìåõàíiêè òà íàóêîâié ðîáîòi â ãàëóçi ñó÷àñíèõ àíàëiòè÷íèõ, íàïiâà-

íàëiòè÷íèõ òà ÷èñåëüíèõ ìåòîäiâ ñòîñîâíî çàäà÷ ìåõàíiêè. Ïîñiáíèê îêðiì

êîðîòêèõ òåîðåòè÷íèõ âiäîìîñòåé ìiñòèòü ïðèêëàäè, ùî iëþñòðóþòü òå-

ìó, ÿêà ïiäëÿãà¹ ðîçãëÿäó. Ïðèêëàäè ìiñòÿòü íåîáõiäíi äîñëiäæåííÿ çàäà-

÷i, ïîáóäîâó àëãîðèòìó òà ÷èñåëüíî¨ ñõåìè ðîçâ'ÿçêó, ÷èñåëüíó ðåàëiçàöiþ

òà âiçóàëiçàöiþ ðåçóëüòàòiâ ðîçðàõóíêiâ. Ïîñiáíèê âêëþ÷à¹ iëþñòðàòèâíi

ïðîãðàìè, ùî ìîæóòü áóòè âèêîðèñòàíi ïðè iíäèâiäóàëüíîìó âèêîíàííi

çàâäàíü. Ðåçóëüòàòè ðîçðàõóíêiâ äëÿ ïðîñòîòè ñïðèéìàííÿ, ÿê ïðàâèëî,

ïðèâîäÿòüñÿ ó âèãëÿäi ìàëþíêiâ òà ãðàôiêiâ. Êîæíà ñåêöiÿ ìà¹ ñàìî-

ñòiéíèé õàðàêòåð òà ìiñòèòü âïðàâè, ÿêi ïîâèííi âèêîíóâàòèñÿ ñëóõà÷àìè
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ñàìîñòiéíî. Ïðèêëàäè òà âïðàâè ïiäiáðàíî òàêèì ÷èíîì, ùîá îõîïèòè âåñü

êóðñ.

Ïîñiáíèê çàòâåðäæåíî äî äðóêó (â âèãëÿäi åëåêòðîííî¨ âåðñi¨) íà çàñiäàííi

Â÷åíî¨ Ðàäè ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó Êè¨âñüêîãî íàöiîíàëüíî-

ãî óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà.

Ïðîòîêîë N 11 âiä 15 êâiòíÿ 2020 ðîêó
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1 Àïðîêñèìàöiÿ áàçèñíèìè ôóíêöiÿìè

Íåõàé îáëàñòü Ω ìà¹ çàìêíóòó ãðàíèöþ Γ. Àïðîêñèìàöiÿ ϕ â Ω∪ Γ âèçíà-

÷à¹òüñÿ ÿê:

ϕ ≈ ϕ̃ = ψ +
M∑
m=1

amNm, ψ|Γ = ϕ|Γ , (1.1)

äå {Nm : Nm|Γ = 0; m = 1, 2, 3, . . .} � ïîâíà ñèñòåìà ëiíiéíî-íåçàëåæíèõ

áàçèñíèõ ôóíêöié, am � êîåôiöi¹íòè àïðîêñèìàöi¨.

Ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê ìà¹ âèãëÿä:∫
Ω

WlRΩ dΩ ≡
∫

Ω

Wl(ϕ− ϕ̃) dΩ = 0, l = 1, 2, . . . ,M, (1.2)

äå RΩ ≡ ϕ − ϕ̃ � íåâ'ÿçêà àïðîêñèìàöi¨, {Wl; l = 1, 2, 3, . . .} � ìíîæèíà

ëiíiéíî-íåçàëåæíèõ âàãîâèõ ôóíêöié.

Ðiâíÿííÿ (1.2) çâîäèòüñÿ äî ñèñòåìè ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü (ÑËÀÐ)

âiäíîñíî íåâiäîìèõ êîåôiöi¹íòiâ àïðîêñiìàöi¨:

K a = f , (1.3)

äå

aT = {al}Ml=1, K = {Klm}Ml,m=1, fT = {fm}Mm=1 (1.4)

Klm =

∫
Ω

WlNm dΩ, 1 ≤ l,m ≤M, (1.5)

fl =

∫
Ω

Wl(ϕ− ψ) dΩ, 1 ≤ l ≤M. (1.6)

Ìåòîäè çâàæåíèõ íåâ'ÿçîê êëàñèâiêóþòüñÿ â çàëåæíîñòi âiä âèáîðó òèïó

âàãîâèõ ôóíêöié. Ïðèâåäåìî äåÿêi ç íèõ.
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Êîëîêàöiÿ ïî òî÷êàì (iíòåðïîëÿöiÿ):

Wl = δ(x− xl), l = 1, 2, . . . ,M (1.7)

(δ(x) � äåëüòà-ôóíêöiÿ Äiðàêà). Â öüîìó âèïàäêó ç (1.5)�(1.6) ìà¹ìî:

Klm = Nm|x=xl
, fl = (ϕ− ψ)|x=xl

, 1 ≤ l,m ≤M. (1.8)

Êîëîêàöiÿ ïî ïiäîáëàñòÿì (ìåòîä ñêií÷åííèõ îá'¹ìiâ):

Wl = χl(x), l = 1, 2, . . . ,M, (1.9)

χl(x) =

{
0 x 6∈ Ωl,

1 x ∈ Ωl

� ôóíêöiÿ ïiäîáëàñòi l òà
M⋃
l=1

Ωl = Ω.

Klm =

∫
Ωl

Nm dΩ, fl =

∫
Ωl

(ϕ− ψ) dΩ. (1.10)

Ìåòîä ìîìåíòiâ:

Wl = xl, l = 1, 2, . . . ,M, (1.11)

Klm =

∫
Ω

xlNm dΩ, fl =

∫
Ω

xl(ϕ− ψ) dΩ. (1.12)

Ìåòîä íàéìåíøèõ êâàäðàòiâ:

Wl =
∂R

∂al
. l = 1, 2, . . . ,M. (1.13)

Ìåòîäè Ãàëüîðêiíà:

Wl = Nl, l = 1, 2, . . . ,M, (1.14)

Klm =

∫
Ω

NlNm dΩ, fl =

∫
Ω

Nl(ϕ− ψ) dΩ. (1.15)
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Äëÿ ÷àñòèííîãî âèïàäêó ìåòîäó Ãàëüîðêiíà îäíîâèìiðíî¨ àïðîêñèìàöi¨ â

îáëàñòi Ω : {x; 0 ≤ x ≤ L} ç áàçèñíèìè (òà âàãîâèìè) ôóíêöiÿìè Nm =

sin(mπx/L) îòðèìà¹ìî àïðîêñèìàöiþ âiäðiçêîì ðÿäó Ôóð'¹:

ϕ ≈ ϕ̃ = ψ +
M∑
m=1

am sin(
mπx

L
) x ∈ [0, L] , (1.16)

ç êîåôiöi¹íòàìè ìàòðèöi àïðîêñèìàöi¨

Klm = L/2 δml (δml - ñèìâîë Êðîíåêåðà), â öüîìó âèïàäêó êîåôiöi¹íòè àïðî-

êñìàöi¨ ëåãêî çíàõîäÿòüñÿ òà ìàþòü âèãëÿä:

am =
2

L
fl =

2

L

∫ L

0

(ϕ− ψ) sin(
mπx

L
)dx, m = 1, 2, . . . ,M. (1.17)

Ïðèêëàä 1.1 Ïîáóäóâàòè àïðîêñèìàöiþ çà äîïîìîãîþ êîëîêàöi¨ òà âiäðiç-

êó ðÿäó Ôóð'¹ òàáëè÷íî çàäàíî¨ ôóíêöi¨:

i 1 2 3 4 5 6

xi 0 0.2 0.4 0.6 0.8 1

ϕ(xi) 0 -0.1 -0.2 0 0.3 0.35

Çîáðàçèòè ðåçóëüòàòè ðîçðàõóíêiâ íà ãðàôiêàõ òà äàòè àíàëiç çáiæíîñòi â

çàëåæíîñòi âiä ïîðÿäêó àïðîêñèìàöi¨.
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Ðèñ. 1. Aïðîêñèìàöiÿ òàáëè÷íî çàäàíî¨ ôóíêöi¨, (a)

àïðîêñèìàöiÿ ïî êîëîêàöiÿì, ◦ � òàáëè÷íî çàäàíi çíà÷åííÿ, � �

àïðîêñèìàöiÿ 2�ãî ïîðÿäêó (M = 2), - - � àïðîêñèìàöiÿ 4�ãî

ïîðÿäêó (M = 4), (b) aïðîêñèìàöiÿ âiäðiçêîì ðÿäó Ôóð'¹, ◦ �
òàáëè÷íî çàäàíi çíà÷åííÿ, � � àïðîêñèìàöiÿ 3�ãî ïîðÿäêó

(M = 3), - - � àïðîêñèìàöiÿ 6�ãî ïîðÿäêó (M = 6).

Ðîçâ'ÿçîê. Äëÿ òî÷íîãî çàäîâiëüíåííÿ ãðàíè÷íèõ óìîâ âèáèðà¹ìî ψ =

0.35x. Áàçèñíi ôóíêöi¨ ïîëiíîìiàëüíî¨ àïðîêñèìàöi¨:Nm = xm(1−x), m =

1, 2, . . . ,M (óìîâó Nm|0,1 = 0 � âèêîíàíî). Â öüîìó âèïàäêó, ó âiäïîâiäíîñòi

ç ìåòîäîì êîëîêàöi¨, çãiäíî ç (1.8)

fl = ϕ(x̃l)− 0.35 x̃l, Klm = x̃ml (1− x̃l). (1.18)

Äëÿ M = 2 ïîêëàäåìî x̃1 = x2, x̃2 = x5. Â öüîìó âèïàäêó a1 =

−1.46, a2 = 1.98.

Äëÿ M = 4 ïîêëàäåìî x̃l = xl+1 l = 1, 2, 3, 4. Â öüîìó âèïàäêó a1 =

0.625, a2 = −12.5, a3 = 22.1, a4 = −9.11.

Àïðîêñèìàöiÿ çãiäíî ç (1.1) ìà¹ âèãëÿä:

ϕ ≈ ϕ̃ = 0.35x+
M∑
m=1

am x
m(1− x), M ∈ {2, 4}. (1.19)
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Ðåçóëüòàòè ðîçðàõóíêiâ çîáðàæåíî íà Ðèñ. 1(a). Äëÿ ïîáóäîâè àïðîêñèìàöi¨

âiäðiçêîì ðÿäó Ôóð'¹ ïðèéìåìî Nm = sin(mπx). Â öüîìó âèïàäêó, çãiäíî ç

(1.17):

am = 2

∫ 1

0

(ϕ− 0.35x) sin(mπx)dx, m = 1, 2, . . . ,M. (1.20)

Ñêîðèñòàâøèñü ïðîöåäóðîþ ÷èñåëüíîãî iíòåãðóâàííÿ çà ìåòîäîì òðàïåöié

îòðèìà¹ìî:

a1 = −0.235, a2 = −0.091, a3 = 0.055, a4 = 0.001, a5 = −0.0023, a6 =

0.00045.

Àïðîêñèìàöiÿ ìà¹ âèãëÿä:

ϕ ≈ ϕ̃ = 0.35x+
M∑
m=1

am sin(mπx). (1.21)

Ãðàôiêè, ùî iëëþñòðóþòü ÿêiñòü àïðîêñèìàöi¨ ïîáóäîâàíî íà Ðèñ. 1(b).

Ïðèêëàä 1.2 Åêñïåðèìåíòàëüíi çíà÷åííÿ ïðîãèíó êâàäðàòíî¨ ïëàñòèíè

íàâåäåíi â òàáëèöi:

y \ x 0 0.25 0.5 0.75 1

0 0 0 0 0 0

0.25 0 0.8 1.3 0.3 0

0.5 0 1 1.8 0.5 0

0.75 0 0.5 0.8 0.3 0

1 0 0 0 0 0

Ïîáóäóâàòè àïðîêñèìàöiþ åêñïåðèìåíòàëüíèõ äàíèõ çà äîïîìîãîþ âiäðiç-

êó ðÿäó Ôóð'¹.

Ðîçâ'ÿçîê. Îñêiëüêè ãðàíè÷íå çíà÷åííÿ àïðîêñèìîâàíî¨ ôóíêöi¨ ðiâíå íó-

ëåâi, ïîêëàäà¹ìî ψ = 0 òà

ϕ ≈ ϕ̃ =
3∑

l,m=1

blm sin(lπx) sin(mπx), M = 9. (1.22)
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Ïîçíà÷èâøè a1 ≡ b11, a2 ≡ b12, a3 ≡ b13, . . . a9 ≡ b33 òà âèêîðèñòîâøè ìåòîä

Ãàëüîðêiíà ç âàãîâèìè òà áàçèñíèìè ôóíêöiÿìè:W1 = N1 = sin(πx) sin(πy),W2 =

N2 = sin(πx) sin(2πy),W3 = N1 = sin(2πx) sin(πy), . . .W9 = N1 = sin(3πx) sin(3πy),

"0:0 0:2 0:4 0:6 0:8 1:0

y
0:0

0:5

1:0

1:5 ~' a

0:0 0:2 0:4 0:6 0:8 1:0

x
0:0

0:5

1:0

1:5 ~' b

Ðèñ 2. ßêiñòü àïðîêñèìàöi¨ åêñïåðèìåíòàëüíîãî ïðîãèíó ïëàñòèíè, (a) �

çíà÷åííÿ â ðîçðiçi y = 0.5, b � çíà÷åííÿ â ðîçðiçi x = 0.5, ◦ � çàäàíi
çíà÷åííÿ. � � àïðîêñèìàöiÿ.
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#
Ðèñ 3. Aïðîêñèìàöiÿ åêñïåðèìåíòàëüíèõ äàíèõ

ïðîãèíó ïëàñòèíè.

òà çàïèñàâøè ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê:∫ 1

0

∫ 1

0

(
9∑

m=1

bmNm − ϕ
)
Wl dxdy = 0, (1.23)

îòðèìà¹ìî ñèñòåìó ëiíiéíèõ ðiâíÿíü (1.3) ç êîåôiöi¹íòàìè:

Klm =

∫ 1

0

∫ 1

0

NmWl dxdy, fl =

∫ 1

0

∫ 1

0

ϕWl dxdy, 1 ≤ l,m ≤ 9. (1.24)

Áàçèñíi (âàãîâi) ôóíêöi¨ îðòîãîíàëüíi òà Klm = 1/4 δml . ßêiñòü àïðîêñèìà-

öi¨ ïðîiëþñòðîâàíî íà Ðèñ. 2 (a),(b), äå çîáðàæåíî çíà÷åííÿ àïðîêñèìàöi¨ â

ïåðåðiçàõ x = 0.5 òà y = 0.5 òà åêñïåðèìåíòàëüíi âèõiäíi äàíi. Íà Ðèñ. 3 çî-

áðàæåíî ïîâíó àïðîêñèìàöiþ åêñïåðèìåíòàëüíèõ äàíèõ ïðîãèíó ïëàñòèíè.

Âïðàâè.

1.1 Äëÿ ïðèêëàäó 1.2 ïîáóäóâàòè øåñòè åëåìåíòíó ïîëiíîìiàëüíó àïð-

êñèìàöiþ, âèêîðèñòîâóþ÷è êîëîêàöi¨ ïî âíóòðiøíiì òî÷êàì. Ïîáóäóâàòè

ãðàôiêè òà ïðîàíàëiçóâàòè ÿêiñòü àïðîêñèìàöi¨.

1.2 Àïðîêñèìóâàòè ïî ìåòîäó Ãàëüîðêiíà òàáëè÷íî çàäàíó ôóíêöiþ:
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i 1 2 3 4 5 6

xi 0 0.2 0.4 0.6 0.8 1

ϕ(xi) 0 -0.1 -0.2 0 0.3 0.35

âèêîðèñòàâøè âiäïîâiäíèé íàáîð ïîëiíîìiâ. Ïîáóäóâàòè ãðàôiêè òà ïðî-

àíàëiçóâàòè ÿêiñòü àïðîêñèìàöi¨.

2 Àïðîêñèìàöiÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ

ðiâíÿíü

Íåõàé ôóíêöiÿ ϕ ìà¹ çàäîâîëüíÿòè ëiíiéíîìó äèôåðåíöiàëüíîìó ðiâíÿííþ:

A(ϕ) ≡ Λϕ+ p = 0 â Ω, (2.1)

òà ãðàíè÷íèì óìîâàì:

B(ϕ) ≡ Υϕ+ r = 0 íà Γ, (2.2)

äå Λ òà Υ � ëiíiéíi äèôåðåíöiàëüíi îïåðàòîðè.

Ïîêëàâøè íåâ'ÿçêó ðiâíÿííÿ äëÿ àïðîêñèìàöi¨ ðîçâ'ÿçêó ϕ̃:

RΩ ≡ Λϕ̃+ p â Ω, (2.3)

çàïèøåìî ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ:∫
Ω

RΩWl dΩ, l = 1, . . . ,M, (2.4)

âèêîðèñòàâøè âàãîâi ôóíêöi¨ Wl (äèâ. (1.2)).

Àïðîêñèìàöiþ ðîçâ'ÿçêó çãiäíî ç (1.1) øóêà¹ìî ó âèãëÿäi ðîçêëàäó ïî

áàçèñíèì ôóíêöiÿì Nm:

ϕ ≈ ϕ̃ = ψ +
M∑
m=1

amNm. (2.5)
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ßêùî ïîêëàñòè:

Υψ = −r, ΥNm = 0, m = 1, . . . ,M íà Γ, (2.6)

òî êîåôiöi¹íòè àïðîêñèìàöi¨ çàäîâîëüíÿòèìóòü ÑËÀÐ:

K a = f ii : (2.7)

Klm =

∫
Ω

WlΛNm dΩ, fl = −
∫

Ω

Wlp dΩ−
∫

Ω

WlΛψ dΩ. (2.8)

Ïðèêëàä 2.1 Ïîáóäóâàòè àïðîêñèìàöiþ âiäðiçêîì ðÿäó Ôóð'¹ ðîçâ'ÿçêà

ãðàíè÷íî¨ çàäà÷i:

d2ϕ

dx2
= 2, 0 ≤ x ≤ 1, ϕ|0 = ϕ|1 = 0.

Ñêîðèñòàòèñü ìåòîäàìè êîëîêàöi¨ òà Ãàëüîðêiíà. Ïîðiâíÿòè àïðîêñèìàöiþ

ç òî÷íèì ðîçâ'ÿçêîì.

Ðîçâ'ÿçîê. Òî÷íèé ðîçâ'ÿçîê çàäà÷i ìà¹ âèãëÿä:

ϕ = x(x− 1).

Îñêiëüêè ãðàíè÷íi óìîâè îäíîðiäíi, ïîêëàäåìî ψ ≡ 0 òà çàïèøåìî çãiäíî

ç (1.17) àïðîêñèìàöiþ ó âèãëÿäi:

ϕ ≈ ϕ̃ =
M∑
m=1

am sin((2m− 1)πx), x ∈ [0, 1] , (2.9)

(Nm|0,1 = 0, Nm(0.5− x) = Nm(0.5 + x)).

Ïîêëàâøè äëÿ îäíîåëåìåíòíî¨ àïðîêñèìàöi¨ x̃1 = 0.5, çãiäíî ç (1.7), (2.7)

ìàòèìåìî:

K11 = −π2, f1 = 2, òà ϕ̃ = −(2/π2) sin(πx).

Äëÿ äâîõåëåìåíòíî¨ àïðîêñèìàöi¨ ïîêëàäåìî x̃1 = 0.2, x̃1 = 0.4, îñêiëüêè ç

óìîâè çðîçóìiëî, ùî ðîçâ'ÿçîê ìà¹ áóòè ñèìåòðè÷íèì âiäíîñíî x = 0.5.
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Ðèñ 4. Àïðîêñèìàöiÿ ðîçâ'ÿçêó ãðàíè÷íî¨ çàäà÷i ç ïðèêëàäó 2.1 âiäðiçêîì

ðÿäó Ôóð'¹, (a) àïðîêñèìàöiÿ ïî êîëîêàöiÿì, (b) àïðîêñèìàöiÿ ïî

Ãàëüîðêiíó, ◦ � òî÷íèé ðîçâ'ÿçîê, � � îäíîåëåìåíòíà àïðîêñèìàöiÿ, - - �

äâîõåëåìåíòíà àïðîêñèìàöiÿ.

Ãðàôiêè àïðîêñèìàöié ïðèâåäåíî íà Ðèñ. 4(a). Ôîðìóëè äëÿ àïðîêñèìà-

öi¨ ïî Ãàëüîðêiíó ëåãêî îòðèìàòè ç (1.14), (2.7). Îñêiëüêè áàçèñíi ôóíêöi¨

îðòîãîíàëüíi, ìàòðèöÿ æîðñòêîñòi ¹ îäíîäiàãîíàëüíîþ.

Äëÿ îäíîåëåìåíòíî¨ àïðîêñèìàöi¨:

K11 = −π2/2, f1 = 4/π, òà ϕ̃ = −(8/π3) sin(πx).

Äëÿ äâîõåëåìåíòíî¨ àïðîêñèìàöi¨:

K11 = −π2/2, K12 = K21, K22 = −9π2/2, f1 = 4/π, f2 = 4/(3π).

Íàáëèæåííÿ àïðîêñèìàöi¨ äî òî÷íîãî ðîçâ'ÿçêó ïðîiëþñòðîâàíî íà Ðèñ.

4(b).

Ïðèêëàä 2.2 Äåÿêà çàäà÷à îäíîâèìiðíî¨ ñòàöiîíàðíî¨ òåïëîïðîâiäíî-

ñòi ç ðîçïîäiëåíèì äæåðåëîì òåïëà îïèñó¹òüñÿ ðiâíÿííÿì òà ãðàíè÷íèìè

óìîâàìè:

d2ϕ

dx2
+ ϕ+ 1 = 0, ϕ|0 = 0,

(
dϕ

dx
+ ϕ

)∣∣∣∣
1

= 0.

Çíàéòè íàáëèæåíèé ðîçâ'ÿçîê çà äîïîìîãîþ ìåòîäà Ãàëüîðêiíà.
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Ðîçâ'ÿçîê. Òî÷íèé ðîçâ'ÿçîê çàäà÷i ìà¹ âèãëÿä:

ϕ = cosx+

(
1 + sin 1− cos 1

1 + sin 1 + cos 1

)
sinx− 1.

Âèáåðåìî áàçèñíi ôóíêöi¨:

Nm = xm
(
x−

(
1 +

1

m+ 1

))
, m = 1, . . . ,M, (2.10)

òàê, ùî Nm|0 = 0, (dNmdx +Nm)
∣∣
1

= 0.

Êîåôiöi¹íòè àïðîêñèìàöi¨ çíàõîäÿòüñÿ ç (2.7), äå çãiäíî ç (2.8):

Klm =

∫ 1

0

xl(x− (1 + 1/(1 + l)))(xm+1 − (1 + 1/(1 +m))xm +

m(m+ 1)xm−1 −m(m− 1)(1 + 1/(1 +m))xm−2) dx,

1 ≤ l,m ≤M, (2.11)

fl = −
∫ 1

0

xl
(
x−

(
1 +

1

1 + l

))
dx, 1 ≤ l ≤M. (2.12)

Ïðèêëàä 2.3 Â äâîâèìiðíié ñòàöiîíàðíié çàäà÷i òåïëîïðîâiäíîñòi íà

ãðàíèöÿõ êâàäðàòíî¨ ïëàñòèíè çi ñòîðîíîþ 2 çàäàíî ðîçïîäië òåìïåðàòóðè.

Íà x = ±1 : 1− y2 , íà y = ±1 : 1−x2. Âèêîðèñòàâøè ìåòîä Ãàëüîðêiíà,

ðîçøóêàòè ðîçïîäië òåìïåðàòóðè â ïëàñòèíi.

Ðîçâ'ÿçîê. Ðîçïîäië òåìïåðàòóðè â ïëàñòèíi ïîâèíåí çàäîâîëüíÿòè ãðà-

íè÷íié çàäà÷i:

∂2ϕ

∂x2
+
∂2ϕ

∂y2
= 0, −1 ≤ x, y ≤ 1, (2.13)

ϕ|x=±1 = 1− y2, −1 ≤ y ≤ 1 , ϕ|y=±1 = 1− x2, −1 ≤ x ≤ 1. (2.14)

Âèáið ψ = 2 − x2 − y2 äîçâîëèòü òî÷íî çàäîâîëüíèòè ãðàíè÷íèì óìîâàì,

ÿêùî Nm|Γ = 0, m = 1, . . . ,M . Î÷åâèäíî, ùî ðîçâ'ÿçîê çàäà÷i (2.13) �
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(2.14) ìà¹ áóòè ïàðíèì ïî x òà y , òîìó âiçüìåìî çà áàçèñíi ôóíêöi¨:

N1 = cos(πx/2) cos(πy/2), N2 = cos(πx/2) cos(3πy/2),

N3 = cos(3πx/2) cos(πy/2), N4 = cos(3πx/2) cos(3πy/2), . . . . (2.15)

Çãiäíî ç (2.8) âèêîðèñòîâóþ÷è ñèìåòðiþ Nm (ïî ìåòîäó Ãàëüîðêiíà, Wl =

Nl) ìà¹ìî:

Klm = 4

∫ 1

0

dx

∫ 1

0

Nl

(
∂2Nm

∂x2
+
∂2Nm

∂y2

)
dy, l,m = 1, . . . ,M, (2.16)

fl = 16

∫ 1

0

dx

∫ 1

0

Nl dy, l = 1, . . . ,M. (2.17)

Âèêîðèñòàâøè ïðîöåäóðè ÷èñåëüíîãî iíòåãðóâàííÿ òà ðîçâ'ÿçàâøè ÑËÀÐ

ïîðÿäêà 4 (äëÿ M = 4 ) îòðèìà¹ìî êîåôiöi¹íòè àïðîêñèìàöi¨.

Ðîçâ'ÿçîê âèçíà÷à¹òüñÿ âèðàçîì (2.5). Ãðàíè÷íi óìîâè çãiäíî ç âèáîðîì

ψ òà Nm çàäîâîëüíÿþòüñÿ òî÷íî, âiäíîñíà ñåðåäíüî-êâàäðàòè÷íà ïîõèáêà

íå áiëüøà çà 0.001.

Âïðàâè.

2.1 Ðîçïîäië çãèíàþ÷îãî ìîìåíòó M(x) â áàëöi, ùî çíàõîäèòüñÿ â ñòàòè-

÷íié ðiâíîâàçi ïiä äi¹þ íàâàíòàæåííÿ b(x), çàäîâîëüíÿ¹ ðiâíÿííþ: d
2M
dx2 = b.

Áàëêà îäèíè÷íî¨ äîâæèíè âiëüíî ñïèðà¹òüñÿ íà ôóíäàìåíò òà íåñå íàâàí-

òàæåííÿ b = sin(πx) . Îá÷èñëèòè ðîçïîäië çãèíàþ÷îãî ìîìåíòó, âèêîðè-

ñòàâøè ìåòîäè Ãàëüîðêiíà òà êîëîêàöi¨. Ïîðiâíÿòè àïðîêñèìàöi¨ ç òî÷íèì

ðîçâ'ÿçêîì.

2.2 Ïîïåðå÷íèé ïðîãèí w òî÷îê áàëêè íà ïðóæíié îñíîâi (ìîäåëü Âií-

êëåðà ) îïèñó¹òüñÿ ðiâíÿííÿì:

EI
d4w

dx4
+ kw = b, (2.18)

äå EI � æîðñòêiñòü áàëêè íà çãèí, k� êîåôiöi¹íò æîðñòêîñòi îñíîâè, b�

íàâàíòàæåííÿ.
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Âiäøóêàòè ïî ìåòîäó Ãàëüîðêiíà àïðîêñèìàöiþ ïðîãèíó äëÿ áàëêè îäè-

íè÷íî¨ äîâæèíè ç ïðèâåäåíèìè õàðàêòåðèñòèêàìè: EI = 1, k = 1, b =

const = 1. Ââàæàòè, ùî êiíöÿìè áàëêà âiëüíî îïèðà¹òüñÿ íà ôóíäàìåíò.

2.3 Ðîçâ'ÿçàòè çàäà÷ó ïðèêëàäó 2.3 çà äîïîìîãîþ ìåòîäó êîëîêàöi¨ ïî

âíóòðiøíiì òî÷êàì. Ïîðiâíÿòè ðîçâ'ÿçêè.

3 Îäíî÷àñíà àïðîêñèìàöiÿ ðîçâ'ÿçêiâ äèôå-

ðåíöiàëüíèõ ðiâíÿíü òà ãðàíè÷íèõ óìîâ

Çàäàìî àïðîêñèìàöiþ âèðàçîì:

ϕ ≈ ϕ̃ =
M∑
m=1

amNm. (3.1)

Ðîçâ'ÿçîê ãðàíè÷íî¨ çàäà÷i (2.1) � (2.2) ìîæíà âiäøóêàòè, íå íàêëàäàþ÷è

ãðàíè÷íi óìîâè (2.6) íà Nm. Ââåäåìî â ðîçãëÿä íåâ'ÿçêó ãðàíè÷íèõ óìîâ:

RΓ ≡ Υϕ̃+ r = 0 íà Γ. (3.2)

Ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê ìàòèìå âèãëÿä:∫
Ω

RΩWl dΩ + α

∫
Γ

RΓ W̄l dΓ = 0, l = 1, . . . ,M, (3.3)

äå W̄l � âàãîâi ãðàíè÷íi ôóíêöi¨ (âèçíà÷åíi âçàãàëi êàæó÷è ëèøå íà Γ ), α �

êîåôiöi¹íò øòðàôó (âèçíà÷à¹ ñïiââiäíîøåííÿ âàãiâ ãðàíè÷íî¨ íåâ'ÿçêè òà

íåâ'ÿçêè ðiâíÿííÿ).

Ðiâíÿííÿ (3.3) äëÿ ëiíiéíèõ îïåðàòîðiâ Λ òà Υ ïðèâîäèòüñÿ äî ÑËÀÐ

K a = f (3.4)

Klm =

∫
Ω

WlΛNm dΩ + α

∫
Γ

W̄lΥNm dΓ, (3.5)
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fl = −
∫

Ω

Wlp dΩ−
∫

Γ

W̄lr dΓ. (3.6)

Ïðèêëàä 3.1 Ìåòîäîì çâàæåíèõ íåâ'ÿçîê çíàéòè ðîçïîäië çãèíàþ÷îãî

ìîìåíòó â çàäà÷i ç ïðèêëàäó 2.1, âèêîðèñòàâøè àïðîêñèìàöiþ, ùî àâòîìà-

òè÷íî çàäîâîëüíÿ¹ ãðàíè÷íié óìîâi ïðè x = 0, àëå íå çàäîâiëüíÿ¹ àâòîìà-

òè÷íî ãðàíè÷íié óìîâi íà x = 1 . Ðîçãëÿíóòè âèïàäêè α = 0.1, 1, 10, 100.

Ðîçâ'ÿçîê. Òî÷íèé ðîçâ'ÿçîê ãðàíè÷íî¨ çàäà÷i

d2M

dx2
= sin(πx), M |0 = M |1 = 0,

ìà¹ âèãëÿä: M = −(1/π2) sin(πx).

Ñêîðèñòà¹ìîñü äëÿ àïðîêñèìàöi¨ áàçèñíèìè ôóíêöiÿìè Nm = xm (ùî

çàáåçïå÷óþòü àâòîìàòè÷íå çàäîâîëüíåííÿ ãðàíè÷íèõ óìîâ ïðè x = 0) òà

ïîêëàäåìî W̄l ≡ Nl|Γ. Ñêîðèñòàâøèñü ìåòîäîì Ãàëüîðêiíà, îòðèìà¹ìî:

Klm =

∫ 1

0

m(m− 1)xl+m−2 dx+ α, fl =

∫ 1

0

xl sin(πx) dx. (3.7)
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Ðèñ 5. Çàëåæíiñòü ïîëiíîìiàëüíî¨ àïðîêñèìàöi¨ âiä êî-

¹ôiöi¹íòó øòðàôà, ◦ � òî÷íèé ðîçâ'ÿçîê, àïðîêñèìàöi¨:
• � α = 10, - - � α = 1, � � α = 0.1.
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Àïðîêñèìàöiÿ ìà¹ âèãëÿä M̃ =
∑5

m=1 amx
m.

Ðåçóëüòàòè îáðàõóíêiâ ïðèâåäåíî íà Ðèñ. 5.

Ïðèêëàä 3.2 Îäíîðiäíà òîíêà ïðóæíÿ ïëàñòèíà ç æîðñòêiñòþ íà çãèí

D âiëüíî ñïèðà¹òüñÿ âçäîâæ ñòîðií Γ òà çíàõîäèòüñÿ ïiä äi¹þ ðîçïîäiëå-

íîãî ðiâíîìiðíîãî çãèíàþ÷îãî íàâàíòàæåííÿ iíòåíñèâíîñòi îäèíèöÿ. Ìàëi

ïðîãèíè òî÷îê òàêî¨ ïëàñòèíè îïèñóþòüñÿ ðiâíÿííÿì:

∂4ϕ

∂x4
+ 2

∂4ϕ

∂x2∂y2
+
∂4ϕ

∂y4
=

1

D
, −1 ≤ x, y ≤ 1, (3.8)

òà ãðàíè÷íèìè óìîâàìè:

ϕ =
∂2ϕ

∂n2
= 0 íà Γ, (3.9)

(D � æîðñòêiñòü ïëàñòèíè íà çãèí, n � çîâíiøíÿ íîðìàëü äî Γ). Çíàéòè

ïîëiíîìiàëüíó àïðîêñèìàöiþ ïðîãèíó êâàäðàòíî¨ ïëàñòèíè |x|, |y| ≤ 1 äëÿ

D = 1. Äîñëiäèòè çàäîâiëüíåííÿ ãðàíè÷íèõ óìîâ ïðè çáiëüøåííi ïîðÿäêó

àïðîêñèìàöi¨.

&
Ðèñ 6. Aïðîêñèìàöiÿ ïî êîëîêàöiÿì ïðîãèíó ïëàñòèíè

ç ïðèêëàäó 3.2.

Ðîçâ'ÿçîê. Âèáåðåìî ïàðíó ïî x òà y àïðîêñèìàöiþ, ùî àâòîìàòè÷íî çà-

äîâîëüíÿ¹ ñóòò¹âèì ãðàíè÷íèì óìîâàì (ϕ|Γ = 0):

ϕ̃ = (1− y2)(1− x2)(a1 + a2x
2 + a3y

2 + a4x
2y2 + . . .). (3.10)
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Îñêiëüêè ç ïîñòàíîâêè çàäà÷i âèïëèâàþòü óìîâè ñèìåòði¨:

ϕ(x, y) = ϕ(−x, y) = ϕ(x,−y) = ϕ(y, x),

äîñòàòíüî ðîçãëÿíóòè ëèøå 1/8 ÷àñòèíó ïëàñòèíè: 0 ≤ x ≤ 1, 0 ≤ y ≤ x.

Ëåãêî îòðèìàòè:

∂2ϕ

∂x2

∣∣∣∣
x=1

= 2a1(y
2−1)+10a2(y

2−1)+2a3y
2(y2−1)+10a4y

2(y2−1)+. . . . (3.11)

Äëÿ çàïèñó ñïiââiäíîøåííÿ çâàæåíèõ íåâ'ÿçîê ñêîðèñòà¹ìîñü ìåòîäîì êî-

ëîêàöié ïî òî÷êàì {x̃l ∈ Ω, x̄s ∈ Γ, l + s = M}. Â öüîìó âèïàäêó:

Klm = ∆∆Nm|x̃l , fl = 1, Ksm =
∂2Nm

∂x2

∣∣∣∣
x̄s

, fs = 0, l+ s,m ≤M.

Ðåçóëüòàòè ðîçðàõóíêiâ ïðèâåäåíi íà Ðèñ. 6.
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Ðèñ 7. Ãðàíè÷íå çíà÷åííÿ ∂2ϕ̃
∂x2

∣∣∣
x=1

â çàäà÷i ïðî çãèí

ïëàñòèíè ç ïðèêëàäó 3.2. � � òî÷íå çíà÷åííÿ, ◦ �
äëÿ ÷îòèðèåëåìåíòíî¨ àïðîêñèìàöi¨, - - � äëÿ òðèåëå-

ìåíòíî¨ àïðîêñèìàöi¨.

Íà Ðèñ. 7 ïðîiëþñòðîâàíî çàäîâiëüíåííÿ íàòóðàëüíèõ ãðàíè÷íèõ óìîâ
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∂2ϕ
∂n2

∣∣∣
Γ

= 0 â çàëåæíîñòi âiä ïîðÿäêó àïðîêñèìàöi¨. Â ïåðøîìó âèïàäêóM =

4, òî÷êè êîëîêàöi¨ â îáðàíî â ñåðåäèíi îáëàñòi: x̃1 = (0.25, 0.25), x̃2 =

(0.75, 0.25) òà x̄1 = (1.0, 0.25), x̄2 = (1.0, 0.75) � íà ãðàíèöi. Â äðóãîìó

âèïàäêó M = 3 ïðè òèõ æå òî÷êàõ êîëîêàöi¨ âñåðåäèíi îáëàñòi âçÿòî ëèøå

îäíó òî÷êó íà ãðàíèöi x̄1 = (1.0, 0.5).

Âïðàâè.

3.1 Ðîçøóêàòè ïî ìåòîäó Ãàëüîðêiíà ÷îòèðèåëåìåíòíó ïîëiíîìiàëüíó

àïðîêñèìàöiþ ðîçâ'ÿçêó çàäà÷i êðó÷åííÿ ñòðèæíÿ ç êâàäðàòíèì ðîçðiçîì,

ùî âèçíà÷à¹òüñÿ ðiâíÿííÿì:

∂2ϕ

∂x2
+
∂2ϕ

∂y2
= 1, −1 ≤ x, y ≤ 1,

òà ãðàíè÷íèìè óìîâàìè: ϕ|Γ = 0. Âèêîðèñòàòè àïðîêñèìàöiþ, ùî àâòî-

ìàòè÷íî çàäîâîëüíÿ¹ ãðàíè÷íèì óìîâàì íà x = ±1, |y| ≤ 1. Ïåðåâiðèòè

ÿêiñòü âèêîíàííÿ ãðàíè÷íèõ óìîâ íà ðåøòi ãðàíèöi.

3.2 Ïîáóäóâàòè àïðîêñèìàöiþ ðîçâ'ÿçêó ãðàíè÷íî¨ çàäà÷i:

d2ϕ

dx2
− ϕ = x2, ϕ|x=0 = 0, ϕ|x=1 = 1.

Ñêîðèñòàòèñü àïðîêñèìàöi¹þ ùî íå çàäîâîëüíÿ¹ àâòîìàòè÷íî ãðàíè÷íèì

óìîâàì.

3.3 Ðîçâ'ÿçàòè çàäà÷ó ç ïðèêëàäó 3.2, ââàæàþ÷è, ùî ïëàñòèíà êîíñîëüíî

çàêðiïëåíà ïî êîíòóðó:

ϕ|Γ =
∂ϕ

∂n

∣∣∣∣
Γ

= 0

Ãóñòèíà çãèíàþ÷î¨ ñèëè çàäà¹òüñÿ ÿê sin(πx). Òèï àïðîêñèìàöi¨ òà ñèñòåìè

áàçèñíèõ òà âàãîâèõ ôóíêöié âèáðàòè íà ñâié ðîçñóä.

4 Íàòóðàëüíi ãðàíè÷íi óìîâè

Ïðèêëàä 4.1 Ðiâíÿííÿ, ùî îïèñó¹ ðîçïîäië òåìïåðàòóðè T ó â'ÿçêié

ðiäèíi, ùî ïðîòiêà¹ ìiæ äâîìà ïàðàëåëüíèìè ïëàñòèíàìè (y = 0 òà y =
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2H), ìà¹ âèãëÿä:

d2T

dy2
= −4U 2µ

H4k
(H − y)2,

äå µ � êîåôiöi¹íò â'ÿçêîñòi, k � êîåôiöi¹íò òåïëîïðîôiäíîñòi ðiäèíè, U

� ìàêñèìàëüíà øâèäêiñòü â ïîòîöi. Íåõàé µ = 0.1, k = 0.08, U = 3.0.

Íà íèæíié ïëàñòèíi ïiäòðèìó¹òüñÿ ïîñòiéíà òåìïåðàòóðà T = 0, âåðõíÿ

� òåðìîiçîëüîâàíà. Çíàéòè àïðîêñèìàöiþ ðîçâ'ÿçêó çàäà÷i, ñêîðèñòàâøèñü

ñëàáêèì ôîðìóëþâàííÿì.

Ðîçâ'ÿçîê. Ïåðåéäåìî äî ôîðìóëþâàííÿ çàäà÷i â áåçðîçìiðíèõ çìiííèõ

ïîêëàâøè: y̆ = y
2H , T̆ = TH4k

64U2µ :

d2T̆

dy̆2
= −(0.5− y̆)2. (4.1)

Ñïiââiäíîøåííÿ çâàæåíèõ íåâ'ÿçîê ìà¹ âèãëÿä:∫ 1

0

Wl
d2T̃

dy2
dy +

∫ 1

0

Wl(0.5− y)2 dy + W̄lT̃
∣∣∣
y=0
− W̄l

dT̃

dy

∣∣∣∣∣
y=1

= 0. (4.2)

Ïðîiíòåãðóâàâøè ïåðøèé iíòåãðàë ÷àñòèíàìè∫ 1

0

Wl
d2T̃

dy2
dy = W̄l

dT̃

dy

∣∣∣∣∣
1

0

−
∫ 1

0

dWl

dy

dT̃

dy
dy, (4.3)

òà ïîêëàâøè: Nm|0 = 0, Wl|0 = 0, W̄l

∣∣
1

= Wl|1,
ìàòèìåìî∫ 1

0

dWl

dy

dT̃

dy
dy +

∫ 1

0

Wl(0.5− y)2 dy = 0. (4.4)

Âèêîðèñòàâøè àïðîêñèìàöiþ (3.1), îòðèìà¹ìî ÑËÀÐ (3.4) , äå

Klm =

∫ 1

0

dWl

dy

dNm

dy
dy, fl =

∫ 1

0

Wl(0.5− y)2 dy. (4.5)

Ïîáóäó¹ìî ïîëiíîìiàëüíó àïðîêñèìàöiþ ìåòîäîì Ãàëüîðêiíà:

Nm = Wm = W̄m = ym, m = 1, 2, . . . . (4.6)
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Ëåãêî îòðèìàòè:

Klm =
lm

l +m− 1
, fl =

0.25

l + 1
− 1

l + 2
+

1

l + 3
. (4.7)

(0:00 0:25 0:50 0:75 1:00

y
0:0

0:5 (640U2�=H4k)T

Ðèñ 8. Àïðîêñèìàöiÿ ðîçâ'ÿçêó çàäà÷i â ñëàáêîìó ôîð-

ìóëþâàííi ç ïðèêëàäó 4.1 ◦ � òî÷íèé ðîçâ'ÿçîê, �

� äâîåëåìåíòíà àïðîêñèìàöiÿ, - - � ÷îòèðèåëåìåíòíà

àïðîêñèìàöiÿ.

Ðîçâ'ÿçîê çàäà÷i äëÿ ðiçíèõ ïîðÿäêiâ àïðîêñèìàöi¨ ïðåäñòàâëåíî íà Ðèñ.

8. Çàóâàæèìî, ùî äëÿ M = 4, dT
dy

∣∣∣
1

= −2.22 10−16, òîäi ÿê äëÿ M =

2, dT
dy

∣∣∣
1

= 1.66 10−2.

Âïðàâè.

4.1. Ïîâåðíóòèñü äî ðîçãëÿäó çàäà÷i ç âïðàâè 2.2. Ðîçøóêàòè íàòóðàëüíi

ãðàíè÷íi óìîâè öi¹¨ çàäà÷i. Ðîçâ'ÿçàòè öþ çàäà÷ó â ñëàáêîìó ôîðìóëþâàí-

íi, ââàæàþ÷è, ùî êiíöi áàëêè âiëüíi. Âèêîðèñòàòè àïðîêñèìàöiþ, ùî íå

çàäîâîëüíÿ¹ àâòîìàòè÷íî íàòóðàëüíèì ãðàíè÷íèì óìîâàì.

4.2. Çíàéòè àïðîêñèìàöiþ ðîçâ'ÿçêó çàäà÷i ñòàöiîíàðíî¨ òåïëîïðîâiäíî-

ñòi â êâàäðàòíié ïëàñòèíi áåç âíóòðiøíiõ äæåðåë òåïëîâèäiëåííÿ (äèâ. ïðè-

êëàä 2.3). Íà ñòîðîíàõ y = ±1 ïiäòðèìó¹òüñÿ ïîñòiéíà òåìïåðàòóðà 100oC,

à íà ñòîðîíàõ x = ±1 çàäàíî iìïåäàíñíó óìîâó ∂ϕ/∂n = 1−ϕ. Âèêîðèñòàòè
ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê â ñëàáêîìó ôîðìóëþâàííi.

22



5 Ìåòîä ãðàíè÷íîãî ðîçâ'ÿçêó

ßêùî äëÿ äîâiëüíèõ m A(Nm) = 0, òî ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê ìà¹

âèãëÿä (3.3):∫
Γ

RΓ W̄l dΓ, l = 1, . . . ,M. (5.1)

Ïðèêëàä 5.1 Ðîçâ'ÿçàòè çàäà÷ó ñòàöiîíàðíî¨ òåïëîïðîâiäíîñòi:

∂2ϕ

∂x2
+
∂2ϕ

∂y2
= 0, −1 ≤ x, y ≤ 1,

ϕ|x=±1 = 0, ∂ϕ/∂n− ϕ|y=±1 = 1− x2.

Ðîçâ'ÿçîê. Ñêîðèñòà¹ìîñü ïîëiíîìiàëüíîþ àïðîêñèìàöi¹þ:

ϕ̃ =
∑
m

amNm, Nm = <(=)zm, z = x+ i y.

Îñêiëüêè zm �àíàëiòè÷íà ôóíêöiÿ, ∆<zm = 0, ∆=zm = 0 äëÿ äîâiëüíîãî

m. Ðîçâ'ÿçîê ìà¹ áóòè ïàðíèì ïî x òà y, òîìó âiçüìåìî çà áàçèñíi ôóíêöi¨:

N1 ≡ <z0 = 1,

N2 ≡ <z2 = x2 − y2,

N3 ≡ <z4 = x4 − 6x2y2 + y4,

N4 ≡ <z4 = x6 − 15x2y4 + 15x4y6 − y6.

Ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê äëÿ öi¹¨ çàäà÷i ç âðàõóâàííÿì ñèìåòði¨ ìà¹

âèãëÿä:∫ 1

0

W̄lϕ̃
∣∣
x=1

dy +

∫ 1

0

W̄l

(
∂ϕ̃

∂y
− ϕ̃)

)∣∣∣∣
y=1

dx =

∫ 1

0

W̄l

∣∣
y=1

(1− x2) dx.

Íåõàé W̄l = Nl|Γ, òîäi:

Klm =

∫ 1

0

NlNm|x=1 dy+

∫ 1

0

Nl

(
∂Nm

∂y
−Nm

)∣∣∣∣
y=1

dx, l,m = 1, 2, . . . ,M,

23



∫ 1

0

Nl|y=1 (1− x2) dx, l = 1, 2, . . . ,M.

Íà Ðèñ. 9 ïðîiëþñòðîâàíî çàäîâiëüíåííÿ ãðàíè÷íèõ óìîâ â çàëåæíîñòi âiä

ïîðÿäêó àïðîêñèìàöi¨ íà y = 1, 0 ≤ x ≤ 1 òà x = 1, 0 ≤ y ≤ 1.

)0:00 0:25 0:50 0:75 1:00

x
0:0

0:5

1:0 y

* 0:00 0:25 0:50 0:75 1:00

x

�0:2

�0:1

0:0

0:1 y

Ðèñ 9. Çàäîâiëüíåííÿ ãðàíè÷íèõ óìîâ â çàäà÷i 5.1. ◦ �
òî÷íèé ðîçâ'ÿçîê, � � äâîåëåìåíòíà àïðîêñèìàöiÿ,

- - � ÷îòèðèåëåìåíòíà àïðîêñèìàöiÿ.
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Ïðèêëàä 5.2

Çíàéòè àïðîêñèìàöiþ ðîçâ'ÿçêó çàäà÷i êðó÷åííÿ ñòðèæíÿ ç åëiïòè÷íèì

ïåðåðiçîì:

∂2ϕ

∂x2
+
∂2ϕ

∂y2
= −2, x2 + (y/2)2 ≤ 1,

ϕ|Γ = 0, Γ : x2 + (y/2)2 = 1.

Ðîçâ'ÿçîê. Ïåðåéäåìî äî çàäà÷i ç îäíîðiäíèì ðiâíÿííÿì, âèäiëèâøè ÷à-

ñòèííèé ðîçâ'ÿçîê: ϕ = ϕ̌− (x2 + y2)/2:

∂2ϕ̌

∂x2
+
∂2ϕ̌

∂y2
= 0, x2 + (y/2)2 ≤ 1,

ϕ̌|Γ = (x2 + y2)/2.

Ñêîðèñòà¹ìîñü ñèñòåìîþ áàçàñíèõ ôóíêöié (5.2) ç ïðèêëàäó 5.1. Çàäîâîëü-

íÿþ÷è ãðàíè÷íi óìîâè çãiäíî ç ñèìåòði¹þ çàäà÷i ïî ìåòîäó êîëîêàöié ïî

òî÷êàì ãðàíèöi: x̄1 = (1.0, 0.0), x̄2 = (0.5, 1.732), x̄3 = (0.866, 1.0), x̄4 =

(0.0, 2.0), î÷åâèäíî,:

Klm = Nm|x̄l , fl =
x2 + y2

2

∣∣∣∣
x̄l

, l,m = 1, 2, 3, 4.
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+
Ðèñ 10. ×îòèðèåëåìåíòíà àïðîêñèìàöiÿ â çàäà÷i ïðî

êðó÷åííÿ ç ïðèêëàäó 5.2

Ðåçóëüòàòè ðîçðàõóíêiâ ïðèâåäåíî íà Ðèñ. 10. Ãðàíè÷íi óìîâè äëÿ ÷îòè-

ðèåëåìåíòíî¨ àïðîêñèìàöi¨ âèêîíóþòüñÿ ç ïîõèáêîþ ∼ 0.0001.

Âïðàâè.

5.1. Ïîâåðíóòèñü äî ðîçãëÿäó çàäà÷i ç ïðèêëàäó 5.2. Ââàæàþ÷è, ùî ïå-

ðåðiç ñòðèæíÿ � ðiâíîñòîðîííié òðèêóòíèê çi ñòîðîíîþ 1, çíàéòè àïðîêñè-

ìàöiþ ðîçâ'ÿçêó ïî ìåòîäó Ãàëüîðêiíà òà êîëîêàöié. Äîñëiäèòè âèêîíàííÿ

ãðàíè÷íèõ óìîâ. Ïîðiâíÿòè ðîçâ'ÿçêè.

6 Àïðîêñèìàöiÿ ðîçâ'ÿçêiâ ñèñòåì äèôåðåíöi-

àëüíèõ ðiâíÿíü

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü:

A(~ϕ) ≡ Λϕ̃+ ~p = 0 â Ω, (6.1)

ç ãðàíè÷íèìè óìîâàìè:

B(~ϕ) ≡ Υ~ϕ+ r = 0 íà Γ, (6.2)
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äå Λ òà Υ � ëiíiéíi äèôåðåíöiàëüíi îïåðàòîðè, òà:

A(~ϕ) =


A1(~ϕ)

A2(~ϕ)
...

 , B =


B1(~ϕ)

B2(~ϕ)
...

 , ~ϕ =


ϕ1

ϕ2
...

 . (6.3)

Àïðîêñèìàöiÿ ðîçøóêó¹òüñÿ ó âèãëÿäi:

~ϕ ≈ ˜̃ϕ = ~ψ+
M∑
m=1

Nmam, ~ψ T = (ψ1, ψ1, . . .), a T
m = (a1

m, a
2
m, . . .), (6.4)

Nm =


Nm,1 0 0

0 Nm,2

. . .

0

 , m = 1, 2, . . . . (6.5)

Ââiâøè ñèñòåìè ïðîñòîðîâèõ òà ãðàíè÷íèõ âàãîâèõ ìàòðè÷íèõ ôóíêöié:

Wl =


Wl,1 0 0

0 Wl,2

. . .

0

 , W̄l =


W̄l,1 0 0

0 W̄l,2

. . .

0

 , (6.6)

çàïèøåìî ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê:∫
Ω

Wl A(~ϕ) dΩ + α

∫
Γ

W̄l B(~ϕ) dΓ = 0, l = 1, . . . ,M. (6.7)

Ïðèêëàä 6.1 Ðiâíÿííÿ ïðîãèíó áàëêè íà ïðóæíié îñíîâi (2.18) ìîæå

áóòè çàïèñàíî ó âèãëÿäi:

EI
d2ϕ

dx2
= −M,

d2M

dx2
− kϕ = b. (6.8)

Äëÿ áàëêè îäèíè÷íî¨ äîâæèíè ç ïðèâåäåíèìè õàðàêòåðèñòèêàìè: EI =

1, k = 1, b = x(x − 1) ïîáóäóâàòè àïðîêñèìàöiþ ðîçâ'ÿçêó, ÿêùî îáèäâà

êiíöi áàëêè âiëüíî îïåðòi (ϕ|x=0,1 = M |x=0,1 = 0).
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Ðîçâ'ÿçîê. Î÷åâèäíî:

A(~ϕ) = Λ~ϕ+ ~p =

[
1 d2/dx2

d2/dx2 −1

]
~ϕ+

[
0

b

]
= 0, (6.9)

B(~ϕ) =

[
1 0

0 1

]∣∣∣∣∣
x=0,1

~ϕ = 0, ~ϕ =

[
M

ϕ

]
(6.10)

Ïîêëàäåìî N
M(ϕ)
m = W

M(ϕ)
m = sin(mπx), ψM(ϕ) = 0 (çãiäíî ç ìåòîäîì

Ãàëüîðêiíà). Ãðàíè÷íi óìîâè âèêîíóþòüñÿ àâòîìàòè÷íî òà ðiâíÿííÿ çâà-

æåíèõ íåâ'ÿçîê (6.7) ìà¹ âèãëÿä:∫ 1

0

Nl Λ ~̃ϕ dx+

∫ 1

0

Nl ~p dx = 0, (6.11)

àáî

M∑
m=1

(∫ 1

0

Nl ΛNm dx

)
~am +

∫ 1

0

Nl ~p dx = 0, (6.12)

ùî çâîäèòüñÿ äî ÑËÀÐ:

K a = f , (6.13)

äå

f =


~f1

~f2
...

 , ~fl = −
∫ 1

0

[
NM
l 0

0 Nϕ
l

][
0

b

]
dx, (6.14)

K =


K11 K12 . . . K1M
...

...
...

KM1 KM2 . . . KMM

 , (6.15)

Klm =

∫ 1

0

[
NM
l 0

0 Nϕ
l

][
1 d2/dx2

d2/dx2 −1

][
NM
m 0

0 Nϕ
m

]
dx. (6.16)
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Òàêèì ÷èíîì:

~fl = −
∫ 1

0

[
0

Nϕ
l b

]
dx, Klm =

∫ 1

0

[
NM
l N

M
m NM

l d
2Nϕ

m/dx
2

Nϕ
l d

2NM
m /dx

2 −Nϕ
l N

ϕ
m

]
dx.

(6.17)

Îðòîãîíàëüíiñòü áàçèñíèõ ôóíêöié äîçâîëÿ¹ â äàíîìó âèïàäêó ïîðàõóâàòè

(6.17) àíàëiòè÷íî:

~fl = − 1

mπ

[
0

(−1)m+1 + {((mπ)2 − 2)(−1)m + 2}

]
, (6.18)

Klm =
δlm
2

[
1 −(mπ)2

−(mπ)2 −1

]
. (6.19)

ßê âèäíî, K ìà¹ áëî÷íî-äiàãîíàëüíó ñòðóêòóðó. Ðîçâ'ÿçîê (6.13) ìà¹ âè-

ãëÿä:[
aϕl
aMl

]
=

[
2/(1 + (lπ)4) {(−1)l+1/(lπ) + {((lπ)2 − 2)(−1)l + 2}/(lπ)3}

(lπ)2aϕl .

]
(6.20)

29



,0:00 0:25 0:50 0:75 1:00

x
0:0

0:1

0:2

0:3 100'; 5M

Ðèñ 11. Àïðîêñèìàöiÿ ïðîãèíó áàëêè òà ìîìåíòó ç

ïðèêëàäó 6.1, ◦ � òî÷íi çíà÷åííÿ ïðîãèíó, • � òî÷íi
çíà÷åííÿ ìîìåíòó, � � çíà÷åííÿ àïðîêñèìàöi¨

ïðîãèíó, - - � çíà÷åííÿ àïðîêñèìàöi¨ ìîìåíòó.

Ðåçóëüòàòè ðîçðàõóíêiâ äëÿ ÷îòèðèåëåìåíòíî¨ àïðîêñèìàöi¨ ïðèâåäåíî íà

Ðèñ. 11.

Ïðèêëàä 6.2 Â äâîâèìiðíié ëàìiíàðíié òå÷i¨ iäåàëüíî¨ íåñòèñêà¹ìî¨ ði-

äèíè ïîòåíöiàë ϕ òà êîìïîíåíòè øâèäêîñòi u, v çàäîâîëüíÿþòü ñèñòåìi

ðiâíÿíü:
u = ∂ϕ

∂x

v = ∂ϕ
∂y

∂u
∂x + ∂v

∂y = 0.

(6.21)

Ïîáóäóâàòè àïðîêñèìàöiþ äëÿ u, v, ϕ â êâàäðàòi −1 ≤ x, y ≤ 1, ÿêùî

u|x=±1 = 0, v|y=−1 = 0, v|y=1 = x. (6.22)

Ðîçâ'ÿçîê. Î÷åâèäíî, ùî v(−x, y) = −v(x, y), u(−x, y) = u(x, y). Ñêî-

ðèñòà¹ìîñü ìåòîäîì ãðàíè÷íîãî ðîçâ'ÿçêó. Âiçüìåìî çà áàçèñíi ôóíêöi¨ äëÿ

àïðîêñèìàöi¨ ϕ äiéñíi òà óÿâíi ÷àñòèíè àíàëiòè÷íèõ ôóíêöié zm (äèâ. (5.1)):

30



Nϕ
1 = x,

Nϕ
2 = xy,

Nϕ
3 = x3 − 3xy2,

Nϕ
4 = x3y − xy3,

Nϕ
5 = x5 − 10x3y2 + 5xy4,

(6.23)

áàçèñíi ôóíêöi¨ äëÿ ðîçêëàäó u òà v âèçíà÷èìî ç ïåðøèõ äâîõ ðiâíÿíü

(6.22):

Nu
1 = ∂Nϕ

1 /∂x = 1, N v
1 = ∂Nϕ

1 /∂y = 0,

Nu
2 = ∂Nϕ

1 /∂x = y, N v
2 = ∂Nϕ

1 /∂y = x,

Nu
3 = ∂Nϕ

3 /∂x = 3x2 − 3y2, N v
3 = ∂Nϕ

3 /∂y = −6xy,

Nu
4 = ∂Nϕ

4 /∂x = 3x2y − y3, N v
4 = ∂Nϕ

4 /∂y = x3 − 3xy2,

Nu
5 = ∂Nϕ

5 /∂x = 5x4 − 30x2y2 + 5y4, N v
5 = ∂Nϕ

5 /∂y = 20xy3 − 20x3y.

(6.24)

Àïðîêñèìàöiÿ, òàêèì ÷èíîì, ìîæå áóòè çàïèñàíà ó âèãëÿäi:

~̃ϕ =


ũ

ṽ

ϕ̃

 =
M∑
m=1

amNm, Nm =


Nu
m

N v
m

Nϕ
m

 . (6.25)
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-
Ðèñ 12. Àïðîêñèìàöiÿ âåðòèêàëüíî¨ êîìïîíåíòè

øâèäêîñòi ç ïðèêëàäó 6.2

.
Ðèñ 13. Àïðîêñèìàöiÿ ãîðèçîíòàëüíî¨ êîìïîíåíòè

øâèäêîñòi ç ïðèêëàäó 6.2

32



/0:00 0:25 0:50 0:75 1:00

x; y
�0:04

0:00
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0:08 u(1:0; y); v(x;�1:0) a

0:00 0:25 0:50 0:75 1:00

x
0:0

0:5

1:0 v(x; 1:0) b

Ðèñ 14. Âèêîíàííÿ ãðàíè÷íèõ óìîâ â çàäà÷i ç ïðèêëàäó 6.2 (a): � �

u(1.0, y), - - � v(x,−1.0), (b): ◦ � òî÷íèé ðîçâ'ÿçîê, � � v(x, 1.0).

Òàêèé âèãëÿä àïðîêñèìàöi¨ äëÿ äîâiëüíèõ ÷èñåë am çàäîâîëüíÿ¹ ðiâíÿí-

íþ:

A(~ϕ) = Λ~ϕ =


1 0 −∂/∂x
0 1 −∂/∂y

∂/∂x ∂/∂y 0

 ~̃ϕ = 0. (6.26)

Ñèìåòðiÿ çàäà÷i äà¹ ìîæëèâiñòü çàäàâiëüíÿòè ãðàíè÷íi óìîâè ëèøå íà

÷àñòèíi ãðàíèöi. Ðiâíÿííÿ çâàæåíèõ ãðàíè÷íèõ íåâ'ÿçîê ìà¹ âèãëÿä:

M∑
m=1


∫ 1

0

W̄l


0 0 0

0 1 0

0 0 0

Nm|y=−1 dx+

∫ 1

−1

W̄l


1 0 0

0 0 0

0 0 0

Nm|x=1 dy+

∫ 1

0

W̄l


0 0 0

0 1 0

0 0 0

Nm|y=1 dx

 am −
∫ 1

0

W̄l

∣∣
y=1


0

x

0

 dx = 0. (6.27)
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(6.27) âèçíà÷à¹ ÑËÀÐ:

K~a = ~f, (6.28)

ç êîìïîíåíòàìè:

Klm =

∫ 1

0

N v
l N

v
m|y=−1 dx+

∫ 1

0

Nu
l N

u
m|x=1 dy+

∫ 1

0

N v
l N

v
m|y=1 dx, (6.29)

fl =

∫ 1

0

xN v
l |y=1 dx. (6.30)

0�1:0 �0:5 0:0 0:5 1:0

y
0:0

0:5

1:0 x

Ðèñ. 15. Ëiíi¨ òîêó â çàäà÷i ç ïðèêëàäó 6.2

Ðîçðàõóíêè ïðîâåäåíi äëÿ øåñòèåëåìåíòíî¨ àïðîêñèìàöi¨. Ðîçïîäië ãî-

ðèçîíòàëüíî¨ u òà âåðòèêàëüíî¨ v ñêëàäîâèõ âåêòîðà øâèäêîñòi â ïîòîöi

ïðèâåäåíî íà Ðèñ.12 � Ðèñ.13. Íà Ðèñ. 14 (a, b) ïðîiëþñòðîâàíî çàäîâiëü-

íåííÿ ãðàíè÷íèõ óìîâ. Íà Ðèñ. 15 çîáðàæåíî ëiíi¨ òîêó, ùî âèçíà÷àþòüñÿ

ÿê iíòåãðàë ðiâíÿííÿ dx
u = dy

/ v.

Âïðàâè.

6.1. Ïîâåðíóòèñü äî ðîçãëÿäó çàäà÷i ç ïðèêëàäó 6.1. Ðîçâ'ÿçàòè çàäà÷ó,

ââàæàþ÷è, ùî êiíöi áàëêè êîíñîëüíî çàêðiïëåíi.
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6.2. Ðîçâ'ÿçàòè çàäà÷ó ç ïðèêëàäó 6.2 äëÿ ãðàíè÷íèõ óìîâ:

u|x=±1, |y| leq1 = 0, v|y=−1,−1≤y≤0 = 0, v|y=−1, 0≤y≤1 = x, v|y=1, |y| leq1 = x.

6.3. Çàïèñàòè ðiâíÿííÿ ñòàöiîíàðíî¨ òåïëîïðîâiäíîñòi (ïðèêëàä 5.1) ó âè-

ãëÿäi äâîõ ðiâíÿíü: çàêîíó Ôóð'¹ (çàëåæíiñòü iíòåíñèâíîñòi òåïëîâîãî ïî-

òîêó âiä âåëè÷èíè òåìïåðàòóðè) òà ðiâíÿííÿ áàëàíñó òåïëà. Çíàéòè àïðî-

êñèìàöiþ ðîçâ'ÿçêó çàäà÷i ñòàöiîíàðíî¨ òåïëîïðîâiäíîñòi äëÿ åëiïòè÷íîãî

äèñêó x2 + (y/2)2 ≤ 1 ç ãðàíè÷íèìè óìîâàìè:

ϕ|Γϕ = 1, Γϕ : x ≥ 0, x2 + (y/2)2 = 1,

ϕ|Γq = 1, Γq : x ≤ 0, x2 + (y/2)2 = 1.

7 Äâîâèìiðíi çàäà÷i ëiíiéíî¨ òåîði¨ ïðóæíîñòi

Ïîçíà÷èìî:

~ϕ T ≡ (u, v),

~ε T ≡ (εx, εy, εxy) = L ~̃ϕ,

~σ T ≡ (σx, σy, σxy) = D~ε, (7.1)

~ϕ � âåêòîð ïåðåìiùåíü, ~ε � âåêòîð äåôîðìàöié, ~σ � âåêòîð íàïðóæåíü, òà

L =


∂/∂x 0

0 ∂/∂y

∂/∂y ∂/∂x,

 , D =


1 ν 0

ν 1 0

0 0 (1− ν)/2

 . (7.2)

Ðiâíÿííÿ ðiâíîâàãè (Ëàìå):

A(~ϕ) ≡
[
∂σx/∂x+ ∂σxy/∂y +X

∂σxy/∂x+ ∂σy/∂y + Y

]
= LTDL~ϕ+ X = 0, (7.3)

ãðàíè÷íi óìîâè:

B(~ϕ) ≡
[
σxnx + σxyny − t̄x
σxynx + σyny − t̄y

]
= σn − t̄ = 0, íà Γσ, (7.4)
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B(~ϕ) ≡
[
u− ū
v − v̄

]
= 0, íà Γϕ, (7.5)

~̄t T = (t̄x, t̄y) � çàäàíèé âåêòîð íàïðóæåíü íà ÷àñòèíi ïîâåðõíi Γσ, ~̄u
T =

(ū, v̄) � çàäàíèé âåêòîð ïåðåìiùåíü íà ÷àñòèíi ïîâåðõíi Γϕ, Γσ
⋃

Γϕ = Γ.

Àïðîêñèìàöiþ çàïèøåìî ó âèãëÿäi:

~ϕ ≈ ˜̃ϕ = ~ψ +
M∑
m=1

Nmam, ~̃σ = DL ~̃ϕ. (7.6)

Íåõàé

~ψ = ~̄u
∣∣
Γϕ
, Nm|Γσ = 0. (7.7)

Ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê:∫
Ω

Wl L
TDL ~̃ϕ dΩ +

∫
Ω

Wl X dΩ+

∫
Γσ

W̄l
~̃σn dΓ−

∫
Γσ

W̄l
~̄t dΓ = 0, l = 1, . . . ,M. (7.8)

Ëåãêî ïåðåñâiä÷èòèñü, ùî öå ðiâíÿííÿ çà äîïîìîãîþ òåîðåìè Îñòðîãðàäñüêîãî-

Ãàóñà ìîæíà ïåðåòâîðèòè ïåðåòâîðþ¹òüñÿ íÿ ðiâíÿííÿ â ñëàáêîìó ôîðìó-

ëþâàííi:

−
∫

Ω

(L Wl)
T ~̃σ dΩ+

∫
Ω

Wl X dΩ+

∫
Γσ+Γϕ

Wl
~̃σn dΓ−

∫
Γσ

W̄l
~̄t dΓ = 0. (7.9)

Ïîêëàäåìî:

Wl|Γσ = − W̄l

∣∣
Γσ
, Wl|Γϕ = 0. (7.10)

Ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê ìàòèìå âèãëÿä:∫
Ω

(L Wl)
T ~̃σ dΩ−

∫
Ω

Wl X dΩ−
∫

Γσ

W̄l
~̄t dΓ = 0, (7.11)
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àáî ïîêîìïîíåíòíî:∫
Ω

(
∂W u

l

∂x
σ̃x +

∂W u
l

∂y
σ̃xy

)
dΩ−

∫
Ω

W u
l X dΩ−

∫
Γσ

W u
l t̄x dΓ = 0, (7.12)

∫
Ω

(
∂W v

l

∂x
σ̃xy +

∂W v
l

∂y
σ̃y

)
dΩ−

∫
Ω

W v
l Y dΩ−

∫
Γσ

W v
l t̄y dΓ = 0. (7.13)

Òàêèì ÷èíîì, ãðàíè÷íi óìîâè ùî çàäàíi íà Γσ ¹ íàòóðàëüíèìè.

Ïðèêëàä 7.1 Ñòîðîíè ïëàñòèíè, ùî ìà¹ ôîðìó êâàäðàòó |x|, |y| ≤ 1

íàâàíòàæåíi y = ±1 ñòèñêàþ÷èìè çóñèëëÿìè, ùî ðîçòàøîâàíi â ¨¨ ïëîùèíi

òà ìàþòü iíòåíñèâíiñòü 1 − x2. Ñòîðîíè x = ±1 ìîæóòü âiëüíî êîâçàòè

âçäîâæ íàïðÿìíèõ. Âèçíà÷èòè ðîçïîäië ïåðåìiùåíü, íàïðóæåíü òà äåôîð-

ìàöié â ïëàñòèíi äëÿ ν = 1/3.

1
Ðèñ. 16. Ïåðåìiùåííÿ u â ïëàñòèíi ç ïðèêëàäó 7.1. Ïî

âiñi z âiäêëàäåíî (1−ν2)
Eũ .

37



2
Ðèñ. 17. Ïåðåìiùåííÿ v â ïëàñòèíi ç ïðèêëàäó 7.1. Ïî

âiñi z âiäêëàäåíî (1−ν2)
Eṽ .

Ðîçâ'ÿçîê. ßê âèïëèâà¹ ç ïîñòàíîâêè çàäà÷i:

u|Γϕ = 0, Γϕ : {x = ±1,−1 ≤ y ≤ 1},

σny|Γ1
σ

= 0, Γ1
σ : {x = ±1,−1 ≤ y ≤ 1}, (7.14)

~σn|Γ2
σ

=

[
0

x2 − 1

]
, Γ2

σ : {y = ±1,−1 ≤ x ≤ 1}, X = 0.

Î÷åâèäíî, ùî ðîçâ'ÿçîê çàäà÷i ìà¹ çàäîâîëüíÿòè óìîâàì ñèìåòði¨:

u(x, y) = −u(−x, y) = u(x,−y), v(x, y) = v(−x, y) = −v(x,−y). (7.15)

Âèáåðåìî áàçèñíi ôóíêöi¨ ó âiäïîâiäíîñòi äî (7.15):

Nu
1 = sin(πx), Nu

2 = sin(πx) cos(πy/2) Nu
3 = sin(2πx),
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Nu
4 = sin(2πx) cos(πy/2), Nu

5 = sin(πx) cos(πy), Nu
6 = sin(2πx) cos(πy),

(7.16)

N v
1 = sin(πy/2), N v

2 = sin(πy/2) cos(πx/2) N v
3 = sin(πy),

N v
4 = sin(πy) cos(πx/2), N v

5 = sin(πy/2) cos(πx), N v
6 = sin(πy) cos(πx),

òà ñêîðèñòà¹ìîñü ìåòîäîì Ãàëüîðêiíà:

−W̄l = Wl = Nl, Nl =

[
Nu
l 0

0 N v
l

]
(7.17)

Çãiäíî ç (7.11) îòðèìà¹ìî ÑËÀÐ (6.13) ç êîìïîíåíòàìè:

Klm=

∫ 1

0

∫ 1

0

[
Nu
l,xN

u
m,x + (1−ν)

2 Nu
l,yN

u
m,y νNu

l,xN
v
m,y + (1−ν)

2 Nu
l,yN

v
m,x

(1−ν)
2 N v

l,xN
u
m,y + νN v

l,yN
u
m,x

(1−ν)
2 N v

l,xN
v
m,x +N v

l,yN
v
m,y

]
dxdy

(7.18)

fl =
1− ν2

E

∫ 1

0

Nl|y=1

[
0

x2 − 1

]
dx =

∫ 1

0

[
0

N v
l |y=1 (x2 − 1)

]
dx. (7.19)

Çíàéøîâøè al
T = (aul , a

v
l ), l = 1, 2, . . . ,M , àïðîêñèìàöiþ êîìïîíåíòiâ âå-

êòîðà ïåðåìiùåíü âèçíà÷èìî ÿê:

ũ =
M∑
m=1

aulN
u
l , ṽ =

M∑
m=1

avlN
v
l , (7.20)

êîìïîíåíòè âåêòîðà íàïðóæåíü:

σ̃x =
M∑
m=1

(aulN
u
l,x + νavlN

v
l,y),

σ̃y =
M∑
m=1

(νaulN
u
l,x + avlN

v
l,y), (7.21)
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σ̃xy = (1− ν)/2
M∑
m=1

(aulN
u
l,y + avlN

v
l,x).

4y x

Ðèñ. 18. Äâîâèìiðíå äåôîðìóâàííÿ ïðóæíüî¨

ïëàñòèíè ç ïðèêëàäó 7.1

30:00 0:25 0:50 0:75 1:00

x; y
�0:5
�0:4
�0:3
�0:2
�0:1
0:0
0:1
0:2
0:3 ~� a

0:00 0:25 0:50 0:75 1:00

x; y
�1:0
�0:8
�0:6
�0:4
�0:2
0:0

0:2 ~� b

Ðèñ. 19. Ãðàíè÷íi íàïðóæåííÿ â çàäà÷i ïðî äåôîðìóâàííÿ ïëàñòèíè ç

ïðèêëàäó 7.1, (a) � íîðìàëüíi íàïðóæåííÿ σ̃x|x=1 íà ëiíi¨ êîâçàííÿ (- -) òà

äîòè÷íi íàïðóæåííÿ σ̃xy|y=1 íà ëiíi¨ íîðìàëüíîãî íàâàíòàæåííÿ (�), (b)

� ïåðåâiðêà çàäîâiëüíåííÿ íàòóðàëüíèõ ãðàíè÷íèõ óìîâ: ◦ � òî÷íå
çíà÷åííÿ çàäàíèõ íîðìàëüíèõ íàïðóæåíü σ̃y|y=1, - - � ¨õ àïðîêñèìàöiÿ, �

� àïðîêñèìàöiÿ äîòè÷íèõ íàïðóæåíü íà ëiíi¨ êîâçàííÿ σ̃xy|x=1.
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Ïåðåìiùåííÿ, øî âèíèêàþòü â ïëàñòèíi âèíåñåíi íà Ðèñ. 16, Ðèñ. 17. Êàð-

òèíó äåôîðìóâàííÿ ïðîiëþñòðîâàíî íà Ðèñ. 18. Íà Ðèñ. 19 (a, b) ïðèâåäåíî

ãðàíè÷íi íàïðóæåííÿ íà êîíòóði ïëàñòèíè. ßê âèäíî, äîòè÷íi òà íîðìàëüíi

íàïðóæåííÿ áëèçüêi äî çàäàíèõ. Ñëiä çàóâàæèòè, ùî äàíà çàäà÷à ¹ çìiøà-

íîþ. Íà ÷àñòèíi êîíòóðà x = ±1,−1 ≤ y ≤ 1 çàäàíî u = 0. ßê áà÷èìî,

(Ðèñ. 16, Ðèñ. 17) öÿ óìîâà ïðèçâåëà äî òîãî, ùî íîðìàëüíi íàïðóæåííÿ

íà öié ÷àñòèíi ãðàíèöi ìiíÿþòü çíàê (âiä ñòèñêó íà y = 0 äî ðîçòÿãó íà

y = 1). Îòæå, äëÿ ïîâíîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i íåîáõiäíî çíàéòè ÷àñòèíó

ãðàíèöi, íà ÿêié σ̃x|x=1 = 0 , à íà ðåøòi âiäðiçêó σ̃x|x=1 ≤ 0.

Âïðàâè.

7.1. Ïîâåðíóòèñü äî ðîçãëÿäó çàäà÷i ç ïðèêëàäó 7.1. Âðàõóâàâøè çàóâà-

æåííÿ â êiíöi ðîçâ'ÿçêó, ïîáóäóâàòè ÷èñåëüíó ñõåìó òàê, ùîá íà âiäçêàõ

ãðàíèöi x = ±1, |y| ≤ 1 íîðìàëüíi íàïðóæåííÿ áóëè ñòèñêàþ÷èìè. Ìîäèôi-

êóâàòè ïðîãðàìó ç äîäàòêó À äëÿ îòðèìàííÿ ÷èñåëüíèõ äàíèõ. Ïåðåâiðèòè

âèêîíàííÿ ãðàíè÷íèõ óìîâ.

7.2. Êâàäðàòíà ïëàñòèíà ç ïðèêëàäó 7.1 çàùiìëåíà ïî ái÷íèì ñòîðîíàì òà

çíàõîäèòüñÿ ïiä äi¹þ îäíîðiíîãî íàâàíòàæåííÿ îäèíè÷íî¨ iíòåíñèâíîñòi ïî

îáîì êîîðäèíàòíèì íàïðÿìêàì. Äâi iíøi ñòîðîíè çâiëüíåíi âiä íàâàíòàæå-

ííÿ. Çíàéòè àïðîêñèìàöiþ ðîçâ'ÿçêó, âèêîðèñòàâøè ñëàáêå ôîðìóëþâàííÿ

ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê.

8 Àïðîêñèìàöiÿ ðîçâ'çêó íåëiíiéíèõ ãðàíè÷íèõ

çàäà÷

ßêùî â (2.1), (2.2) Λ òà Υ � íåëiíiéíi äèôåðåíöiàëüíi îïåðàòîðè, âèêîðè-

ñòàííÿ àïðîêñèìàöi¨ (2.5) ïðèâîäèòü äî ñèñòåìè íåëiíiéíèõ àëãåáðà¨÷íèõ

ðiâíÿííü:

K(a)a = f(a). (8.1)
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Ñèñòåìà (8.1) ìîæå áóòè ðîçâ'ÿçàíà ìåòîäîì ïðîñòèõ iòåðàöié:

K(an−1)an = f(an−1). (8.2)

Ïðèêëàä 8.1 Ðiâíÿííÿ

e−ϕ
d2ϕ

dx2
= 1 (8.3)

âèíèêà¹ â îäíîâèìiðíèõ çàäà÷àõ ñòàöiîíàðíî¨ òåïëîïðîâiäíîñòi â õiìi÷íî-

àêòèâíîìó ñåðåäîâèùi, ÿêùî iíòåíñèâíiñòü òåïëîâèäiëåííÿ çàëåæèòü âiä

âåëè÷èíè òåìïåðàòóðè. Çíàéòè ðîçïîäië òåìïåðàòóðè â òàêîìà ñåðåäîâèùi

(0 ≤ x ≤ 1), ÿêùî ãðàíè÷íi óìîâè: ϕ|x=0,1 = 0.

Ðîçâ'ÿçîê. Øóêà¹ìî àïðîêñèìàöiþ ó âèãëÿäi:

ϕ̃ =
M∑
m=1

amNm. (8.4)

Âèáåðåìî Nm|x=0,1 = 0. Ðiâíÿííÿ çâàæåíèõ íåâ'ÿçîê â öüîìó âèïàäêó:

M∑
m=1

(∫ 1

0

d2Nm

dx2
Wl dx

)
am =

∫ 1

0

Wl exp

(
M∑
s=1

Nsas

)
dx. (8.5)

Äëÿ àïðîêñèìàöi¨ âiäðiçêîì ðÿäó Ôóð'¹ ïî ìåòîäó Ãàëüîðêiíà (Nm = Wm =

sin(mπx)) ìàòèìåìî:

Klm = −δml (πm)2/2, fl =

∫ 1

0

sin(lπx) exp

(
M∑
s=1

as sin(sπx)

)
dx, (8.6)

òà çãiäíî ç ìåòîäîì ïðîñòèõ iòåðàöié (8.2):

a
(n)
l = − 2

(πm)2

∫ 1

0

sin(lπx) exp

(
M∑
s=1

a(n−1)
s sin(sπx)

)
dx, (8.7)

äå n � ïîðÿäîê iòåðàöi¨.
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!0.00 0.25 0.50 0.75 1.00

x

−0.15

−0.10

−0.05

0.00 ϕ̃n

Ðèñ. 20. Ïîiòåðàöiéíà çáiæíiñòü ðîçâ'ÿçêó íåëiíiéíî¨

çàäà÷i ç ïðèêëàäó 8.1, � � ïåðøà iòåðàöiÿ, - - �

äðóãà iòåðàöiÿ, ◦ � òðåòÿ iòåðàöiÿ, • � ÷åòâåðòà
iòåðàöiÿ.

Âèáåðåìî çà ïî÷àòêîâó iòåðàöiþ: a(0)T = (0, 0, . . . , 0). Çáiæíiñòü ðîçâ'ÿçêó

â çàëåæíîñòi âiä íîìåðà iòåðàöi¨ ïðîiëþñòðîâàíà íà Ðèñ. 20.

Ïðèêëàä 8.2 Îäíîâèìiðíå ðiâíÿííÿ Íàâ'¹-Ñòîêñà ïðè íàÿâíîñòi íåëi-

íiéíîãî êîíâåêòèâíîãî ïðîöåñó òà äèñèïàöi¨ ìà¹ âèãëÿä:

u
du

dx
− 1

Re

d2u

dx2
= 0, (8.8)

Re � ÷èñëî Ðåéíîëüäñà.

Äëÿ Re = 1 ïîáóäóâàòè àïðîêñèìàöiþ (8.8) â îáëàñòi 0 ≤ x ≤ 1 ïðè

ãðàíè÷íèõ óìîâàõ:

u|0 = 0,
du

dx

∣∣∣∣
1

= 1, (8.9)

Ðîçâ'ÿçîê. Òî÷íèé ðîçâ'ÿçîê (8.8) � (8.9) ìîæå áóòè ëåãêî ïîáóäîâàíèé:

u = atg(ax/2), (a ≈ 1.1765).
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Âèáåðåìî Nm = xm, òîäi:

M∑
m=1

{∫ 1

0

(
M∑
s=1

Nsas
dNm

dx
− d2Nm

dx2

)
Wl dx

}
am+

M∑
m=1

dNm

dx
amW̄l

∣∣∣∣∣
1

−W̄l

∣∣
1

= 0.

(8.10)

Klm(a) =

∫ 1

0

(
M∑
s=1

Nsas
dNm

dx
− d2Nm

dx2

)
Wl dx+

dNm

dx
W̄l

∣∣∣∣
1

, (8.11)

fl = W̄l

∣∣
1
. (8.12)

Âèêîðèñòàâøè ìåòîä êîëîêàöi¨ ïî òî÷êàì xl, l = 1, 2, . . . ,M , îòðèìà¹ìî:

Klm(a(n)) = m

M∑
s=1

a(n)xslx
m−1
l −m(m− 1)xm−2

l +m, fl = 1, (8.13)

äå n � ïîðÿäîê iòåðàöi¨.

"0.00 0.25 0.50 0.75 1.00

x

0.0

0.5

1.0 ϕ̃

Ðèñ. 21. Àïðîêñèìàöiÿ ðîçâ'ÿçêó íåëiíiéíî¨ çàäà÷i ç

ïðèêëàäó 8.2, ◦ � òî÷íèé ðîçâ'ÿçîê, - - � äðóãà

iòåðàöiÿ, � � ÷åòâåðòà iòåðàöiÿ.
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Ðåçóëüòàòè ðîçðàõóíêiâ äëÿ ñóêóïíîñòi iòåðàöié ïðèâåäåíî íà Ðèñ. 21.

Âïðàâè.

8.1. Ïîáóäóâàòè àïðîêñèìàöiþ ðîçâ'ÿçêó îäíîâèìiðíî¨ íåëiíiéíî¨ çàäà÷i

òåïëîïðîâiäíîñòi:

d

dx
(k
dϕ

dx
) = −10x, k = 1 + 0.1ϕ

â îáëàñòi 0 ≤ x ≤ 1 ç ãðàíè÷íèìè óìîâàìè: ϕ|x=0,1 = 0.

8.2. Ðîçâ'ÿçàòè ãðàíè÷íó çàäà÷ó:

ϕ(dϕ/dx) = d2ϕ/dx2, ϕ|0 = −2, ϕ|1 = −1.
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Äîäàòîê

Ïðîãðàìà äëÿ ÷èñåëüíîãî ðîçâ'ÿçêó çàäà÷i ç ïðèêëà-

äó 7.1

#include <stdio.h> #include <string.h> #include <stdlib.h>

#include <alloc.h> #include <math.h>

int lglob, mglob; double nu = 0.3;

double intgauss(double (*fun)(), double a, double b); double

ressys(int n, double *arr, double *b); double Nu(double xx, double

yy, int mm); double Nv(double xx, double yy, int mm); double

Nudxx(double xx, int mm); double Nudxy(double xx, int mm); double

Nudyx(double xx, int mm); double Nudyy(double xx, int mm); double

Nvdxx(double xx, int mm); double Nvdxy(double xx, int mm); double

Nvdyx(double xx, int mm); double Nvdyy(double xx, int mm);

double K111x(double xx); double K111y(double yy); double

K112x(double xx); double K112y(double yy); double K121x(double

xx); double K121y(double yy); double K122x(double xx); double

K122y(double yy); double K211x(double xx); double K211y(double

yy); double K212x(double xx); double K212y(double yy); double

K221x(double xx); double K221y(double yy); double K222x(double

xx); double K222y(double yy);

double f(double xx);

double Nu(xx, yy, mm) double xx, yy; int mm; { switch (mm)

{
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case 1: return(sin(MA_PI*xx));

case 2: return(sin(MA_PI*xx) * cos(MA_PI*yy*0.5));

case 3: return(sin(2.0*MA_PI*xx));

case 4: return(sin(2.0*MA_PI*xx) * cos(MA_PI*yy*0.5));

case 5: return(sin(MA_PI*xx) * cos(MA_PI*yy));

case 6: return(sin(2.0*MA_PI*xx) * cos(MA_PI*yy));

}

return(0.0); }

double Nudyy(yy, mm) double yy; int mm; { switch (mm)

{

case 1: return(0.0);

case 2: return(-0.5*MA_PI * sin(MA_PI*yy*0.5));

case 3: return(0.0);

case 4: return(-0.5*MA_PI * sin(MA_PI*yy*0.5));

case 5: return( -MA_PI * sin(MA_PI*yy));

case 6: return( -MA_PI * sin(MA_PI*yy));

}

return(0.0); }

double Nudyx(xx, mm) double xx; int mm; { switch (mm)

{

case 1: return(0.0);

case 2: return(sin(MA_PI*xx));

case 3: return(0.0);

case 4: return(sin(2.0*MA_PI*xx));

case 5: return(sin(MA_PI*xx));

case 6: return(sin(2.0*MA_PI*xx));

}

return(0.0); }
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double Nudxx(xx, mm) double xx; int mm; { switch (mm)

{

case 1: return(MA_PI*cos(MA_PI*xx));

case 2: return(MA_PI*cos(MA_PI*xx));

case 3: return(2.0*MA_PI*cos(2.0*MA_PI*xx));

case 4: return(2.0*MA_PI*cos(2.0*MA_PI*xx));

case 5: return(MA_PI*cos(MA_PI*xx));

case 6: return(2.0*MA_PI*cos(2.0*MA_PI*xx));

}

return(0.0); }

double Nudxy(yy, mm) double yy; int mm; { switch (mm)

{

case 1: return(1.0);

case 2: return(cos(MA_PI*yy*0.5));

case 3: return(1.0);

case 4: return(cos(MA_PI*yy*0.5));

case 5: return(cos(MA_PI*yy));

case 6: return(cos(MA_PI*yy));

}

return(0.0); }

double Nv(xx, yy, mm) double xx, yy; int mm; { switch (mm)

{

case 1: return(sin(MA_PI*yy*0.5));

case 2: return(sin(MA_PI*yy*0.5) * cos(MA_PI*xx*0.5));

case 3: return(sin(MA_PI*yy));

case 4: return(sin(MA_PI*yy) * cos(MA_PI*xx*0.5));

case 5: return(sin(MA_PI*yy*0.5) * cos(MA_PI*xx));
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case 6: return(sin(MA_PI*yy) * cos(MA_PI*xx));

}

return(0.0); }

double Nvdyy(yy, mm) double yy; int mm; { switch (mm)

{

case 1: return(0.5*MA_PI * cos(MA_PI*yy*0.5));

case 2: return(0.5*MA_PI * cos(MA_PI*yy*0.5));

case 3: return( MA_PI * cos(MA_PI*yy));

case 4: return( MA_PI * cos(MA_PI*yy));

case 5: return(0.5*MA_PI * cos(MA_PI*yy*0.5));

case 6: return( MA_PI * cos(MA_PI*yy));

}

return(0.0); }

double Nvdyx(xx, mm) double xx; int mm; { switch (mm)

{

case 1: return(1.0);

case 2: return(cos(MA_PI*xx*0.5));

case 3: return(1.0);

case 4: return(cos(MA_PI*xx*0.5));

case 5: return(cos(MA_PI*xx));

case 6: return(cos(MA_PI*xx));

}

return(0.0); }

double Nvdxx(xx, mm) double xx; int mm; { switch (mm)

{

case 1: return(0.0);

case 2: return(-0.5*MA_PI*sin(MA_PI*xx*0.5));
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case 3: return(0.0);

case 4: return(-0.5*MA_PI*sin(MA_PI*xx*0.5));

case 5: return( -MA_PI*sin(MA_PI*xx));

case 6: return( -MA_PI*sin(MA_PI*xx));

}

return(0.0); }

double Nvdxy(yy, mm) double yy; int mm; { switch (mm)

{

case 1: return(0.0);

case 2: return(sin(MA_PI*yy*0.5));

case 3: return(0.0);

case 4: return(sin(MA_PI*yy));

case 5: return(sin(MA_PI*yy*0.5));

case 6: return(sin(MA_PI*yy));

}

return(0.0); }

double K111x(xx) double xx; { return(Nudxx(xx, lglob)*Nudxx(xx,

mglob)); } double K111y(xx) double xx; { return(Nudxy(xx,

lglob)*Nudxy(xx, mglob)); } double K112x(xx) double xx; {

return(Nudyx(xx, lglob)*Nudyx(xx, mglob)); } double K112y(xx)

double xx; { return(Nudyy(xx, lglob)*Nudyy(xx, mglob)); }

double K121x(xx) double xx; { return(Nudxx(xx, lglob)*Nvdyx(xx,

mglob)); } double K121y(xx) double xx; { return(Nudxy(xx,

lglob)*Nvdyy(xx, mglob)); } double K122x(xx) double xx; {

return(Nudyx(xx, lglob)*Nvdxx(xx, mglob)); } double K122y(xx)

double xx; { return(Nudyy(xx, lglob)*Nvdxy(xx, mglob)); }
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double K211x(xx) double xx; { return(Nvdxx(xx, lglob)*Nudyx(xx,

mglob)); } double K211y(xx) double xx; { return(Nvdxy(xx,

lglob)*Nudyy(xx, mglob)); } double K212x(xx) double xx; {

return(Nvdyx(xx, lglob)*Nudxx(xx, mglob)); } double K212y(xx)

double xx; { return(Nvdyy(xx, lglob)*Nudxy(xx, mglob)); }

double K221x(xx) double xx; { return(Nvdxx(xx, lglob)*Nvdxx(xx,

mglob)); } double K221y(xx) double xx; { return(Nvdxy(xx,

lglob)*Nvdxy(xx, mglob)); } double K222x(xx) double xx; {

return(Nvdyx(xx, lglob)*Nvdyx(xx, mglob)); } double K222y(xx)

double xx; { return(Nvdyy(xx, lglob)*Nvdyy(xx, mglob)); }

double f(xx) double xx; { return(Nv(xx, 1.0, lglob) * (xx*xx -

1.0)); }

main() { FILE *file, *filed; double *b, *arr, bu[7], bv[7];

int l, m; int countarr, countb; double xloc, yloc,

uloc, vloc; double sigxy0, sigx, sigy, sigxy1;

b = malloc(sizeof(double) * 21); arr = malloc(sizeof(double) *

401);

for (countarr = 0, countb = 0, lglob = 1; lglob < 7; lglob++)

{

countb++;

for (b[countb] = 0.0, mglob = 1; mglob < 7; mglob++)

{

countarr++;

arr[countarr] = intgauss(K111x, 0.0, 1.0)*intgauss(K111y, 0.0, 1.0) +

(1.0 - nu) * 0.5 *
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intgauss(K112x, 0.0, 1.0)*intgauss(K112y, 0.0, 1.0) ;

countarr++;

arr[countarr] = nu *

intgauss(K121x, 0.0, 1.0)*intgauss(K121y, 0.0, 1.0) +

(1.0 - nu) * 0.5 *

intgauss(K122x, 0.0, 1.0)*intgauss(K122y, 0.0, 1.0) ;

}

countb++;

b[countb] = intgauss(f, 0.0, 1.0);

for (mglob = 1; mglob < 7; mglob++)

{

countarr++;

arr[countarr] =

(1.0 - nu) * 0.5 *

intgauss(K211x, 0.0, 1.0)*intgauss(K211y, 0.0, 1.0) +

nu *

intgauss(K212x, 0.0, 1.0)*intgauss(K212y, 0.0, 1.0) ;

countarr++;

arr[countarr] =

(1.0 - nu) * 0.5 *

intgauss(K221x, 0.0, 1.0)*intgauss(K221y, 0.0, 1.0) +

intgauss(K222x, 0.0, 1.0)*intgauss(K222y, 0.0, 1.0) ;

}

}

ressys(12, arr, b); for (l = 0; l < 6; l++)

{

bu[l+1] = b[2*l]; bv[l+1] = b[2*l+1];

}

file = fopen("21.dat", "w+t"); for (l = 0; l < 21; l++)

{
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xloc = 0.05 * (double)l;

for (m = 0; m < 21; m++)

{

yloc = 0.05 * (double)m; uloc = 0.0; vloc = 0.0;

for (mglob = 1; mglob < 7; mglob++)

{

uloc += bu[mglob] * Nu(xloc, yloc, mglob);

vloc += bv[mglob] * Nv(xloc, yloc, mglob);

}

fprintf(file, "%10.4g %10.4g %10.4g %10.4g \n", xloc, yloc, vloc, uloc);

}

}

fclose(file); file = fopen("22.dat", "w+t"); filed =

fopen("22d.dat", "w+t"); for (l = 0; l < 21; l++)

{

xloc = 0.05 * (double)l; yloc = 0.05 * (double)l;

sigxy0 = sigxy1 = sigx = sigy = 0.0;

for (mglob = 1; mglob < 7; mglob++)

{

sigx += bu[mglob] * Nudxy(yloc, mglob) * Nudxx(1.0 , mglob) +

nu * bv[mglob] * Nvdyy(yloc, mglob) * Nvdyx(1.0 , mglob);

sigy += nu * bu[mglob] * Nudxy(1.0 , mglob) * Nudxx(xloc, mglob) +

bv[mglob] * Nvdyy(1.0 , mglob) * Nvdyx(xloc, mglob);

sigxy0 += bu[mglob] * Nudyy(yloc, mglob) * Nudyx(1.0 , mglob) +

bv[mglob] * Nvdxy(yloc, mglob) * Nvdxx(1.0 , mglob);

sigxy1 += bu[mglob] * Nudyy(1.0 , mglob) * Nudyx(xloc, mglob) +

bv[mglob] * Nvdxy(1.0 , mglob) * Nvdxx(xloc, mglob);

}

sigxy0 *= (1.0 - nu) * 0.5; sigxy1 *= (1.0 - nu) * 0.5;

fprintf(file, "%10.4g %10.4g %10.4g %10.4g %10.4g\n",
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xloc, sigxy0, sigxy1, sigx, sigy);

fprintf(filed, "%10.4g\n", xloc*xloc - 1.0);

}

fclose(file); fclose(filed); return; }
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