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Ëàáîðàòîðíà ðîáîòà 1

Ìåòà êóðñó

Ñèñòåìà îöiíþâàííÿ

SageMath

GAP
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Ëàáîðàòîðíà ðîáîòà 1

Çíàéîìñòâî ç SageMath

Ïðèçíà÷åííÿ òà iñòîðiÿ

Âåá-ñòîðiíêà ïðîåêòó www.sagemath.org

Çàâàíòàæåííÿ i âñòàíîâëåííÿ

Âåá-iíòåðôåéñ SageMathCell

Õìàðíå ñåðåäîâèùå ðîçðîáêè CoCalc

Äîêóìåíòàöiÿ
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https://en.wikipedia.org/wiki/SageMath
http://www.sagemath.org
http://sagecell.sagemath.org/
https://cocalc.com
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Áàçîâi ìîæëèâîñòi SageMath

1 Iíòåðàêòèâíèé ðåæèì

2 Íàóêîâèé êàëüêóëÿòîð

3 Ëiíiéíà àëãåáðà

4 Ñèìâîëüíi îá÷èñëåííÿ

5 Ïîáóäîâà ãðàôiêiâ

6 Ðîáîòà ç ãðàôàìè

7 OEIS

8 Ðîçðîáêà äëÿ SageMath
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Äîìàøí¹ çàâäàííÿ 1

1 Ñòâîðiòü åêàóíò íà CoCalc

2 Çàäàéòå ãðàô ç 5 âåðøèíàìè i 10 ðåáðàìè, âèâåäiòü éîãî

çîáðàæåííÿ, çíàéäiòü ìàòðèöþ ñóìiæíîñòi, äëÿ êîæíîãî l ≥ 1
çíàéäiòü êiëüêiñòü øëÿõiâ òà çàìêíåíèõ øëÿõiâ äîâæèíè l .

3 Ðåàëiçóéòå àëãîðèòìè äëÿ âiçóàëiçàöi¨ ìîçà¨ê Ïåíðîóçà
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https://cocalc.com
https://habr.com/post/359244
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Ëàáîðàòîðíà ðîáîòà 2
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Ïðîåêò íà CoCalc

1 Iíòåðôåéñ CoCalc

2 Ñòâîðåííÿ ïðîåêòó

3 Äîäàâàííÿ ó÷àñíèêà
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Áiíàðíi äi¨

1 Îá'¹êòè i êëàñè â SageMath

2 Êëàñ OperationTable

3 Ðîáîòà ç íàïåðåä âèçíà÷åíèìè áiíàðíèìè äiÿìè

4 Êëàñ FiniteSetMaps

5 Âèçíà÷åííÿ áiíàðíî¨ äi¨ íà ñêií÷åííié ìíîæèíi

6 Ïåðåâiðêà âëàñòèâîñòåé áiíàðíî¨ äi¨ íà ñêií÷åííié ìíîæèíi
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http://doc.sagemath.org/html/en/thematic_tutorials/tutorial-objects-and-classes.html
http://doc.sagemath.org/html/en/reference/matrices/sage/matrix/operation_table.html
http://doc.sagemath.org/html/en/reference/sets/sage/sets/finite_set_maps.html
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Äîìàøí¹ çàâäàííÿ 2

1 Âèçíà÷èòè óñiìà ìîæëèâèìè ñïîñîáàìè áiíàðíó äiþ íà ìíîæèíi ç

n (n = 2, 3) åëåìåíòiâ.

2 Ïîáóäóâàòè òàáëèöþ Êåëi äëÿ êîæíî¨ ç âèçíà÷åíèõ äié.

3 Äëÿ êîæíî¨ ç âèçíà÷åíèõ äié ïåðåâiðèòè, ÷è áóäå äiÿ àñîöiàòèâíîþ.

Ó âèïàäêó, ÿêùî äiÿ íå àñîöiàòèâíà, çíàéòè âïîðÿäêîâàíó òðiéêó

åëåìåíòiâ, äëÿ ÿêî¨ ïîðóøó¹òüñÿ ðiâíiñòü ç óìîâè àñîöiàòèâíîñòi.

4 Âèçíà÷èòè, ÿêi ç âèçíà÷åíèõ ìíîæèí ç áiíàðíèìè äiÿìè áóäóòü

içîìîðôíèìè ìiæ ñîáîþ i çíàéòè êiëüêiñòü êëàñiâ ïîïàðíî

içîìîðôíèõ ìiæ ñîáîþ ìíîæèí.
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Ëàáîðàòîðíà ðîáîòà 3
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Ãðóïè, ïîðÿäîê åëåìåíòà ãðóïè

1 Ãðóïè â SageMath

2 Çàäàííÿ ãðóï i íàéïðîñòiøi îïåðàöi¨ ç ãðóïàìè

3 Ãðóïà êâàòåðíiîíiâ Q8

4 Ñèìåòðè÷íà ãðóïà S4
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https://doc.sagemath.org/pdf/en/reference/groups/groups.pdf
https://doc.sagemath.org/html/en/thematic_tutorials/group_theory.html
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Äîìàøí¹ çàâäàííÿ 3

1 Çàäàéòå ãðóïè D10,Z16, A5. Äëÿ êîæíî¨ ç íèõ âèâåäiòü òàáëèöþ

Êåëi, çíàéäiòü ïîðÿäîê ãðóïè, ïåðåâiðòå, ÷è ãðóïà àáåëåâà.

2 Çíàéäiòü êiëüêiñòü åëåìåíòiâ êîæíîãî ìîæëèâîãî ïîðÿäêó â ãðóïàõ

S100 òà A100.

3 Äëÿ çàäàíèõ íàòóðàëüíèõ n, k (1 ≤ n ≤ 1000000, 1 ≤ k ≤ n!)
âèçíà÷òå, ÷è iñíó¹ â ãðóïi Sn åëåìåíò ïîðÿäêó k .
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Ïiäãðóïè, ñèñòåìè òâiðíèõ

1 Çíàõîäæåííÿ ïiäãðóïè, ïîðîäæåíî¨ çàäàíèìè åëåìåíòàìè

2 Çíàõîäæåííÿ óñiõ ïiäãðóï çàäàíî¨ ãðóïè

3 Çíàéîìñòâî ç GAP

4 Ãðóïè ïiäñòàíîâîê
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https://doc.sagemath.org/html/en/thematic_tutorials/group_theory.html
https://www.gap-system.org
https://doc.sagemath.org/html/en/reference/groups/sage/groups/perm_gps/permgroup.html
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Äîìàøí¹ çàâäàííÿ 4

1 Çíàéäiòü âñi íåçâiäíi ñèñòåìè òâiðíèõ ãðóïè S4.

2 Çíàéäiòü óñi ïiäãðóïè ãðóï S4, A4, S5, A5.

3 Çàäàéòå äâi âèïàäêîâi ïiäñòàíîâêè ç ãðóïè Sn (1 ≤ n ≤ 100).
Ïåðåâiðòå, ÷è ¹ âîíè ïàðíèìè. Çíàéäiòü ïîðÿäîê ïiäãðóïè, íèìè

ïîðîäæåíî¨. ×è áóäå öÿ ãðóïà äîðiâíþâàòè An? Sn?
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Äèñêðåòíèé ëîãàðèôì

1 Çàäà÷à çíàõîäæåííÿ äèñêðåòíîãî ëîãàðèôìà

2 Çíàõîäæåííÿ â SageMath äèñêðåòíîãî ëîãàðèôìà â ãðóïi Z∗
p, p �

ïðîñòå

3 ρ àëãîðèòì Ïîëëàðäà

Ùîá îá÷èñëèòè x = orda(b), çíàõîäèìî òàêi öiëi k , l ,K , L ùî

akbl = aKbL i çíàõîäèìî ðîçâ'ÿçîê ðiâíÿííÿ

x(L− l) = k − K (mod n).
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ρ àëãîðèòì Ïîëëàðäà I

Íåõàé G � öèêëi÷íà ãðóïà ïîðÿäêó n, a � òâiðíèé åëåìåíò G , b ∈ G .
Çàôiêñó¹ìî ðîçáèòòÿ G = S0 ∪ S1 ∪ S2 i âèçíà÷èìî ôóíêöi¨ f : G → G ,
g : G × Z→ Z, h : G × Z→ Z

f (x) =


bx , x ∈ S0

x2, x ∈ S1

ax , x ∈ S2

, g(x , k) =


k, x ∈ S0

2k (mod n), x ∈ S1

k + 1 (mod n), x ∈ S2

,

h(x , k) =


k + 1 (mod n), x ∈ S0

2k (mod n), x ∈ S1

k , x ∈ S2

.
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ρ àëãîðèòì Ïîëëàðäà II

Data: a � òâiðíèé åëåìåíò G , b ∈ G
Result: çíà÷åííÿ x = orda(b) àáî ïîìèëêà
iíöiàëiçóâàòè i = 1, x0 = e ∈ G , a0 = 0, b0 = 0;
while i < n do

xi = f (xi−1), ai = g(xi−1, ai−1), bi = h(xi−1, bi−1);
x2i = f (f (x2i−2)), a2i = g(f (x2i−2), g(x2i−2, a2i−2)),
b2i = h(f (x2i−2), h(x2i−2, b2i−2));
if xi == x2i then

r = bi − b2i ;
if GCD(r , n) > 1 then

ïîâåðíóòè ïîìèëêó;
else

ïîâåðíóòè x = r−1(a2i − ai ) (mod n);
end

else
i = i + 1;

end
end

Algorithm 1: ρ àëãîðèòì Ïîëëàðäà
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Ëàáîðàòîðíà ðîáîòà 5

Äîìàøí¹ çàâäàííÿ 5

1 Ðåàëiçóéòå ρ àëãîðèòì Ïîëëàðäà

2 Ïîðiâíÿéòå øâèäêiñòü îá÷èñëåííÿ äèñêðåòíîãî ëîãàðèôìà â ãðóïi

Z∗
p âáóäîâàíèì i ðåàëiçîâàíèì ìåòîäàìè

3 Çàäàéòå âèïàäêîâó ïiäñòàíîâêó a ç ãðóïè Sn (1 ≤ n ≤ 1000). Äëÿ
âèïàäêîâîãî åëåìåíòà b ∈ 〈a〉 çíàéäiòü çíà÷åííÿ äèñêðåòíîãî

ëîãàðèôìà b çà îñíîâîþ a
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Ëàáîðàòîðíà ðîáîòà 6
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Íîðìàëüíi ïiäãðóïè

1 Çíàõîäæåííÿ êëàñiâ ñóìiæíîñòi

2 Ìåòîä .cosets

3 Âèçíà÷åííÿ, ÷è ïiäãðóïà íîðìàëüíà

4 Ìåòîä .is_normal

5 Ôóíêöiÿ sorted()

6 Ìåòîä .subgroups

7 Ìåòîä .normal_subgroups

8 Ìåòîä .is_simple
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Ëàáîðàòîðíà ðîáîòà 6

Äîìàøí¹ çàâäàííÿ 6

1 Â ãðóïi ðóõiâ ïðàâèëüíîãî âîñüìèêóòíèêà çàäàéòå öèêëi÷íó

ïiäãðóïó ïîðÿäêó 4, ïîáóäóéòå äëÿ íå¨ ëiâi òà ïðàâi êëàñè

ñóìiæíîñòi, ïåðåâiðòå, ÷è áóäå öÿ ïiäãðóïà íîðìàëüíîþ.

2 Ïîáóäóéòå âñi ïiäãðóïè çíàêîçìiííî¨ ãðóïè A5 i ïåðåâiðòå äâîìà

ñïîñîáàìè, ùî æîäíà íåîäèíè÷íà âëàñíà ïiäãðóïà öi¹¨ ãðóïè íå ¹

íîðìàëüíîþ. Ïîðiâíÿéòå ÷àñ ïåðåâiðêè.

3 Çíàéäiòü êiëüêiñòü óñiõ ïiäãðóï òà êiëüêiñòü óñiõ íîðìàëüíèõ

ïiäãðóï â ãðóïi Dn, 3 ≤ n ≤ 1000.
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Ëàáîðàòîðíà ðîáîòà 7
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Ëàáîðàòîðíà ðîáîòà 7

Ôàêòîðãðóïè i ãîìîìîðôiçìè

1 Ôóíêöiÿ ìíîæåííÿ êëàñiâ ñóìiæíîñòi.

2 Ãîìîìîðôiçìè.

3 Ìåòîä .kernel

4 Ìåòîä .image

5 Ìåòîä .quotient

6 Ìåòîä .is_isomorphic
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Ëàáîðàòîðíà ðîáîòà 7

Äîìàøí¹ çàâäàííÿ 7

1 Çíàéäiòü êiëüêiñòü ãîìîìîðôiçìiâ ç öèêëi÷íî¨ ãðóïè ïîðÿäêó n â

öèêëi÷íó ãðóïó ïîðÿäêó m (1 ≤ n,m ≤ 1000000), äëÿ êîæíîãî ç

íèõ âêàæiòü ïîðÿäîê ÿäðà i îáðàçó. Äëÿ êîæíîãî ìîæëèâîãî

ïîðÿäêó ÿäðà âèçíà÷òå êiëüêiñòü ãîìîìîðôiçìiâ, ÿäðî êîæíîãî ç

ÿêèõ ìà¹ öåé ïîðÿäîê.

2 Äëÿ êîæíî¨ íîðìàëüíî¨ ïiäãðóïè H ãðóïè Dn, 3 ≤ n ≤ 1000,
ïîáóäóéòå ãîìîìîðôiçì â Dn, ÿäðîì ÿêîãî áóäå H.

3 Ïåðåâiðòå, ÷è iñíó¹ åïiìîðôiçì ãðóïè Dn, 3 ≤ n ≤ 1000, íà
öèêëi÷íó ãðóïó ïîðÿäêó k , 2 ≤ k ≤ 1000.
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Ëàáîðàòîðíà ðîáîòà 8
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Ëàáîðàòîðíà ðîáîòà 8

Ãðóïîâi äi¨. Ñïðÿæåíiñòü. Ãðóïè àâòîìîðôiçìiâ ãðàôiâ.

1 Ìåòîä .orbits

2 Ìåòîä .stabilizer

3 Ìåòîä .conjugacy_classes_representatives

4 Ìåòîä .centralizer

5 Êëàñ graphs

6 Ìåòîä .automorphism_group

À.Ñ.Îëiéíèê (ÊÍÓiÒØ) Àëãåáðà 2018 30 / 46



Ëàáîðàòîðíà ðîáîòà 8

Äîìàøí¹ çàâäàííÿ 8

1 Çíàéäiòü êiëüêiñòü îðáiò òà ¨õ ïîòóæíîñòi äëÿ ïðèðîäíî¨ äi¨ ãðóïè

äiåäðà Dn íà ìíîæèíi {1, . . . , n}, 3 ≤ n ≤ 1000.

2 Çíàéäiòü êiëüêiñòü êëàñiâ ñïðÿæåíîñòi òà ¨õ ïîòóæíîñòi â

çíàêîçìiííié ãðóïi An, 3 ≤ n ≤ 1000, âèáåðiòü ó êîæíîìó êëàñi ïî
ïðåäñòàâíèêó, âêàæiòü ïðèêëàä ïiäñòàíîâîê, ÿêi ñïðÿæåíi â Sn, àëå
íå ñïðÿæåíi â An.

3 Çíàéäiòü ïðîñòèé íåîði¹íòîâàíèé ãðàô ç íàéìåíøîþ ìîæëèâîþ

êiëüêiñòþ âåðøèí, ãðóïà àâòîìîðôiçìiâ ÿêîãî içîìîðôíà ãðóïi An,

4 ≤ n ≤ 10. Ñêiëüêè âií ìà¹ ðåáåð?
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Ëàáîðàòîðíà ðîáîòà 9

Êiëüöÿ òà ôàêòîðêiëüöÿ

1 ×èñëîâi êiëüöÿ i êiëüöÿ ëèøêiâ

2 Êiëüöÿ ìíîãî÷ëåíiâ

3 Iäåàëè òà ôàêòîðêiëüöÿ
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Ëàáîðàòîðíà ðîáîòà 9

Äîìàøí¹ çàâäàííÿ 9

1 Çíàéäiòü êiëüêîñòi äiëüíèêiâ îäèíèöi, äiëüíèêiâ íóëÿ,

íiëüïîòåíòíèõ åëåìåíòiâ òà iäåàëiâ êiëüöÿ Zn, n ≤ 1010.

2 Â êiëüöi ìíîãî÷ëåíiâ Zp[x ] âèáåðiòü äâà âèïàäêîâi åëåìåíòè,
ïîðîäiòü íèìè iäåàë I , ïîêàæiòü, ùî âií ¹ ãîëîâíèì, çíàéøîâøè

åëåìåíò, ÿêèé éîãî ïîðîäæó¹, çíàéäiòü êiëüêiñòü åëåìåíòiâ ó

ôàêòîðêiëüöi Zp[x ]/I òà êiëüêiñòü äiëüíèêiâ íóëÿ ó íüîìó,

p ≤ 1000, p � ïðîñòå.

3 Ðîçêëàäiòü íà íåçâiäíi ìíîæíèêè âñi ìíîãî÷ëåíè ñòåïåíÿ ìåíøîãî

k íàä Zp, k ≤ 100, p ≤ 1000, p � ïðîñòå.
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Ëàáîðàòîðíà ðîáîòà 10

Ñèìåòðè÷íi ìíîãî÷ëåíè

1 Ñèìåòðè÷íi ìíîãî÷ëåíè ç ðàöiîíàëüíèìè êîåôiöi¹íòàìè

2 Ñòåïåíåâi ñóìè

3 Öiëi ãàóñîâi ÷èñëà
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Ëàáîðàòîðíà ðîáîòà 10

Äîìàøí¹ çàâäàííÿ 10

1 Íàïèøiòü ôóíêöiþ, ÿêà âèðàæà¹ çàäàíèé ñèìåòðè÷íèé ìíîãî÷ëåí

íàä Zp (p � ïðîñòå) ÷åðåç åëåìåíòàðíi ñèìåòðè÷íi ìíîãî÷ëåíè.

2 Íàïèøiòü ôóíêöiþ, ÿêà âèðàæà¹ çàäàíèé ñèìåòðè÷íèé ìíîãî÷ëåí

íàä Zp (p � ïðîñòå) ÷åðåç ñòåïåíåâi ñóìè.

3 Íàïèøiòü ôóíêöiþ, ÿêà çíàõîäèòü íàéáiëüøèé ñïiëüíèé äiëüíèê i

éîãî ëiíiéíèé ðîçêëàä äëÿ äâîõ öiëèõ ãàóñîâèõ ÷èñåë.
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Ëàáîðàòîðíà ðîáîòà 11

Ïîëÿ. Ðîçøèðåííÿ ïîëiâ

1 ×èñëîâi ïîëÿ.

2 Ìåòîä .is_irreducible

3 Ôóíêöiÿ NumberField

4 Ìåòîä .polynomial

5 Ìåòîä .minpoly

6 Ìåòîä .degree

7 Ìåòîä .parent

8 Ìåòîä .splitting_field
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Ëàáîðàòîðíà ðîáîòà 11

Äîìàøí¹ çàâäàííÿ 11

1 Ïîáóäóéòå ðîçøèðåííÿ Q(α) ⊃ Q ïîëÿ ðàöiîíàëüíèõ ÷èñåë çà

äîïîìîãîþ ïðè¹äíàííÿ àëãåáðà¨÷íîãî åëåìåíòà α ñòåïåíÿ 6.
Çíàéäiòü ìiíiìàëüíèé ìíîãî÷ëåí mα öüîãî åëåìåíòà. ×è áóäå

ïîáóäîâàíå ïîëå ïîëåì ðîçêëàäó ìíîãî÷ëåíà mα?

2 Äëÿ ìíîãî÷ëåíà f (x) = x4 + x2 + 1 ∈ Q[x ] ïîáóäóéòå éîãî ïîëå

ðîçêëàäó i çíàéäiòü ðîçêëàä f (x) íà ëiíiéíi ìíîæíèêè.

3 Íåõàé a � êîðiíü ìíîãî÷ëåíà g(x) = x3 + 3x2 + 3x − 2 ∈ Q[x ].
Ïîáóäóéòå ðîçøèðåííÿ Q(a) ⊃ Q i ïåðåâiðòå, ÷è ðîçêëàäà¹òüñÿ â

íüîìó g(x) íà ëiíiéíi ìíîæíèêè. Ïîáóäóéòå ïîëå ðîçêëàäó g(x) ÿê
ðîçøèðåííÿ ïîëÿ Q(a), éîãî ñòåïiíü íàä Q(a) i íàä Q.
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Ëàáîðàòîðíà ðîáîòà 12

Ñêií÷åííi ïîëÿ

1 Ñòâîðåííÿ ñêií÷åííîãî ïîëÿ

2 Âèâåäåííÿ åëåìåíòiâ ñêií÷åííîãî ïîëÿ

3 Àðèôìåòè÷íi äi¨ â ñêií÷åííîìó ïîëi

4 Åêñïîíåíöiþâàííÿ i ëîãàðèôìóâàííÿ â ñêií÷åííîìó ïîëi

5 Ìåòîä .log
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Äîìàøí¹ çàâäàííÿ 12

1 Ñòâîðiòü ñêií÷åííå ïîëå GF (pk), p < 1000 � ïðîñòå, 2 ≤ k ≤ 3.
Ñêiëüêîìà ñïîñîáàìè ìîæíà âèáðàòè íåçâiäíèé ìíîãî÷ëåí äëÿ

ïîáóäîâè òàêîãî ïîëÿ?

2 Ó ìóëüòèïëiêàòèâíié ãðóïi ïîëÿ GF (pk), p < 100 � ïðîñòå,

2 ≤ k ≤ 10, çíàéäiòü âñi òâiðíi åëåìåíòè.

3 Ñòâîðiòü ñêií÷åííi ïîëÿ GF (p4) i GF (p2), p < 1000 � ïðîñòå. Â

ïåðøîìó ç íèõ çíàéäiòü ïiäïîëå, içîìîðôíå äðóãîìó, i ïîáóäóéòå

içîìîðôiçì.
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Ëàáîðàòîðíà ðîáîòà 13

Åëiïòè÷íi êðèâi

1 Ôóíêöiÿ EllipticCurve

2 Ìåòîä .cardinality

3 Ìåòîä .abelian_group

4 Ìåòîä .gens

5 Ìåòîä .order
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Ëàáîðàòîðíà ðîáîòà 13

Äîìàøí¹ çàâäàííÿ 13

1 Çàäàéòå åëiïòè÷íó êðèâó íàä ïðîñòèì ñêií÷åííèì ïîëåì

õàðàêòåðèñòèêè p, 2 < p < 1000000, âèçíà÷òå êiëüêiñòü òî÷îê íà
íié, çíàéäiòü áóäîâó ãðóïè òî÷îê, âèçíà÷òå òî÷êè íàéâèùîãî

ïîðÿäêó.

2 Çàäàéòå åëiïòè÷íó êðèâó íàä ïîëåì GF (pk), p < 1000 � ïðîñòå,

2 ≤ k ≤ 3, âèçíà÷òå êiëüêiñòü òî÷îê íà íié, çíàéäiòü áóäîâó ãðóïè
òî÷îê, âèçíà÷òå òî÷êè íàéâèùîãî ïîðÿäêó.

3 Çàäàéòå åëiïòè÷íó êðèâó íàä ïðîñòèì ñêií÷åííèì ïîëåì

õàðàêòåðèñòèêè p, 2 < p < 1000, çíàéäiòü òî÷êó íàéâèùîãî
ïîðÿäêó, ïîáóäóéòå ôóíêöiþ äëÿ çíàõîäæåííÿ äèñêðåòíîãî

ëîãàðèôìó çà îñíîâîþ öi¹¨ òî÷êè.
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